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A general methodology for bootstrapping in
non-parametric frontier models
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ABSTRACT The Data Envelopment Analysis method has been extensively used in the
literature to provide measures of firms’ technical efficiency. These measures allow rankings
of firms by their apparent performance. The underlying frontier model is non-parametric
since no particular functional form is assumed for the frontier model. Since the observations
result from some data-generating process, the statistical properties of the estimated efficiency
measures are essential for their interpretations. In the general multi-output multi-input
framework, the bootstrap seems to offer the only means of inferring these properties (i.e.
to estimate the bias and variance, and to construct confidence intervals). This paper
proposes a general methodology for bootstrapping in frontier models, extending the more
restrictive method proposed in Stmar & Wilson (1998) by allowing for heterogeneity in
the structure of efficiency. A numerical illustration with real data is provided to illustrate
the methodology.

1 Introduction

An extensive literature concerning the measurement of efficiency in production has
developed since Debreu (1951) and Farrell (1957) provided basic definitions for
technical and allocative efficiency in production. One large section of this literature
focuses on linear-programming based measures of efficiency along the lines of
Charnes ez al. (1978, 1979), Deprins et al. (1984), and Fire ez al. (1985)." Among
this part of the literature, those approaches that rely on convexity assumptions are
known as Data Envelopment Analysis (DEA).

DEA models measure efficiency relative to a non-parametric, maximum likeli-
hood estimate of an unobserved zrue frontier, conditional on observed data resulting
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from an underlying (and unobserved) data-generating process (DGP).> These
methods have been widely applied to examining technical and allocative efficiency
in a variety of industries; Lovell (1993) and Seiford (1996, 1997) provide lengthy
bibliographies of these applications. Aside from the production setting, the problem
of estimating monotone concave boundaries also naturally occurs in portfolio
management. In capital asset pricing models (CAPM), the objective is to analyse
the performance of investment portfolios. Risk and average return on a portfolio
are analogous to inputs and outputs in models of production; in CAPM, the
attainable set of portfolios is naturally convex and the boundary of this set gives a
benchmark relative to which the efficiency of a portfolio can be measured. These
models were developed by Markovitz (1959) and others; Sengupta (1991) and
Sengupta & Park (1993) provide links between CAPM and non-parametric estima-
tion of frontiers as in DEA.

Lovell (1993) and others have labelled DEA and similar approaches to efficiency
measurement as deterministic, as if to suggest that DEA models have no statistical
underpinnings. Typical DEA applications invariably present point estimates of
inefficiency, with no measure and only slight or no discussion of uncertainty
surrounding these estimates. Yet, since efficiency is measured relative to an estimate
of the frontier, estimates of efficiency from DEA models are subject to uncertainty
due to sampling variation.

Banker (1993) proved the consistency of the ouzpuz-oriented efficiency scores in
the case of a single output, but gave no indication of the achieved rate of
convergence. Korostelev ez al. (1995a, 1995b) also analysed the single-output
problem and derived the speed of convergence for the estimated attainable produc-
tion set (using either the Hausdorff metric or the Lebesgue measure of symmetric
differences between the true and the estimated production sets), but not for the
estimated measures of efficiency. The theory of statistical consistency in DEA
models has been extended to the general multi-input and multi-output case for
both input- and output-oriented efficiency measures in Kneip ez al. (1998), where
the rates of convergence are also derived.

Due to the complexity and multidimensional nature of DEA estimators, the
sampling distributions of the estimators are not easily available. In the very
particular case of one-input and one-output, Gijbels ez al. (1999) derived the
asymptotic sampling distribution of the DEA estimator, with an expression for its
asymptotic bias and variance. However, in the more useful multi-output and multi-
input case, the bootstrap methodology seems, so far, to be the only way to
investigate sampling properties of DEA estimators. Simar & Wilson (1998) pro-
posed a bootstrap strategy for analysing the sensitivity of the efficiency measures
to sampling variation, providing confidence intervals and corrections for the bias
inherent in the DEA procedure. The method has been applied to time dependence
structures for estimating Malmquist indices (Simar & Wilson, 1999). However, the
methodology in both these papers relies on some restrictive homogeneity assump-
tions on the distribution of efficiency among firms.

This paper presents an extension of the method to allow for more general DGPs;
in particular, for less restrictive efficiency structures. Section 2 introduces some
basic concepts and notation along with a brief introduction to DEA estimators. In
Section 3 we analyse the underlying statistical model and explicitly state our
assumptions regarding the DGP. In Section 4 we propose a general bootstrap
procedure. An empirical illustration is given in Section 5, and conclusions are
discussed in Section 6. Although the discussion throughout is in terms of the
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Shephard (1970) input distance functions, it is straightforward to adapt the
techniques presented below to output distance functions or to other non-parametric
models (e.g. FDH models), including DEA measures of allocative efficiency and
overall efficiency such as those described by Fére ez al. (1985).

2 Frontier analysis and DEA estimators
2.1 The frontier model

Given column vectors of p inputs (denoted by x €R%) and of ¢ outputs (denoted
by y€R %), the activity of a productive organization can be described by means of
the production set Y of physically attainable points (x,y):

Y ={(x,v) ER% 7 x can produce y} €))

This set can be described by its sections, either an input requirement set defined

Vyey,
X() = {xSR%(x,p) €Y} @)
or an output correspondence set defined Vx €'Y,
Y(x) = {yR% (x,3) €¥} 3
Clearly,
xEX( Y EY () 4)

The relations between these two sets, along with standard assumptions one may
reasonably make on them, are discussed in Section 9.1 of Shephard (1970). The
convexity of X(y) for all y (and of Y(x) for all x) and the disposability of inputs
and outputs are the most usual. The disposability assumptions correspond to
monotonicity of the frontier; i.e.

<3 = X(3) =X ©)
X1 < X2 = Y(Jm) gY(JQ) (6)

where the inequality between the vectors is understood to be component-wise.
The Farrell efficiency boundaries are subsets of X(y) and Y(x), denoted by
9X(y) and 9Y(x), respectively:

AX(y) ={x x€X(»), xEX(y) V0<0<1} (7
AY(x) ={y yEY),ByEX(y) YB>1} (8)

These may be used to define the Farrell input and output measures of efficiency
(respectively) for a given point (x,y) in Y.

0(x,y) =inf{0 Ox € X(y)} )
Mo, y) =sup{d Ay €Y (x)} (10)

We will discuss only the input-oriented case to conserve space; the output-oriented
case largely involves a straightforward translation of the notation in what follows.
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Equivalently, Farrell’s input efficiency may be described by the Shephard input
distance function

5(x>y) = (0(x3)) ' =sup {6 §€X<y>} (11)

The input distance function é gives a normalized measure of the distance from a
point (x,y) to the frontier dX(y), holding output and the direction of the input
vector fixed. Since the direction of the input vector is held fixed, § is said to be a
radial measure; it gives the maximum feasible, proportionate reduction of inputs
for a firm operating at (x,y) €Y. Clearly, 8(x,y) =1 if and only if x€X(y); if
o6(x,v) =1, then (x,y) €dX(y) and the point (x,v) is said to be inpur-efficient. It will
be useful later to denote the efficient level of input, corresponding to the output
level y and the input vector direction determined by x, as

() = (12)

X

0(x,y)

Note that xa( ) is the intersection of dX(y) and the ray (6x,y), 0<[0, ®©].
Since radial distances are used, we will often refer to the polar coordinates of x

defined by its modulus ® = o(x) R+

-1
where o(x) =V (x'x), and its angle n =n(x) €|:O, §:|

where, forj=1,...,p — 1,1, = arctan(m) if x; = 0 or ij; =§ifx1 =0.
X1
Typically, Y, x( y) and 0X(y) are unknown; hence, for a firm producing at (x,y),
S(x,y) is also unknown. The DEA technique provides a consistent estimator of
8(x,y) from a random sample & = {(x;,v:)) i =1,...,n}.

2.2 The DEA approach

The DEA approach involves measurement of efficiency for a given firm at (x,v),
relative to the boundary of either the convex or conical hulls of the data % = {(x;, v:),
i =1,...,n} intersected with the free-disposal hull. The intersection of the convex
and free-disposal hulls is given by’

M=

V=(nER y< Y yivux =D yixis L 7 =1,7%>0,i=1,...,n} (13)
i=1 i=1 )

1

Replacing Y in (2) and (7) with ¥ yields estimates of the input requirement set
and the input-efficient boundary for the output level y, respectively:

X(y) = {xER? (x,y) €V} (14
AX(y) ={x€R?x€X(1), OxEX(y) V0<6<1} (15)

Finally, for any given point (x,y), the estimator 8(x,y) of 8(x,y) is obtained by
substituting X(y) from (14) for X(y) in (11), yielding
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5(x, ) =sup{d x/6€X(y)} (16)

To make this operational, we rewrite (16) as a linear program:

Bx,y) ' =min{0> 0/ y< X yivi, 6 =2 yvixi» 2 =1, 7>0,i =1,...,n}
i=1 i=1 i=1
(17)

Analogous to equation (12) we have an estimator of the input-efficient level of
inputs,

) __ X
2" () 503

Note that Y <Y, and so 9% () is an upward-biased estimator of 3X(y), and 8(x, )
is a downward-biased estimator of d(x,y) so that

(18)

563 <8,y Veny <Y (19)
Moreover,
S =1 Ve €? (20)
Thus, for each of the sample points in &, we have
S(x,-,y,-)>1 Vi=1,...,n [@2))

In order to perform statistical inference on the estimated input distances, we
must analyse the behaviour of the difference (0(x,y) — 8(x,y)) for a given (x,v) by
investigating its sampling distribution.

3 The statistical model and consistency of DEA

Our statistical model is defined through the following assumptions, which were
used by Kneip ez al. (1998). These assumptions serve to characterize the DGP,
and augment Shephard’s (1970) assumptions, which are more concerned with the
nature of the underlying production set.

Assumption Al: {(xi,vi), 1 =1,...,n} are i.i.d. random wvariables on the convex
production set Y.

For the input-oriented case presented here, consider a point (x,y) €Y. Then for
a given output level y, the corresponding input level x falls on the ray (6xa(y), V),
0€[1, ©]; the deviation of (x,y) away from 9X(y) is assumed to result from
technical inefficiency.

Assumption A2: Ouiputs v possess a density f(+) whose bounded support ¥ SR% s
compact.

Due to the radial nature of the inefficiency, the conditional p.d.f. of x for a given
y is more naturally introduced through the polar coordinates of x.

Assumption A3: For all y€, 1 =,...,M-1) has a conditional p.d.f. f(N'y) on
[0, n/2]° ! and conditional on (> M)> the modulus ® has a density flow 'y, 1n).
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Note that, for a given (y,7n) the efficient input-level xa(y) defined by (12) has
modulus

o(’(y)) =inf{o SR+ o y,n) > 0} (22)
The relation between w(x) and the input distance function 8(x,y) is given by
§x,y) =—2— (23)
o (y)

Assumption A3 induces, by (23), a conditional p.d.f. for 6(x, y) given (y,n), namely
f(6ly,m), with support [1, © ).

In order to achieve consistency in any non-parametric estimation of spatial
boundaries, the DGP must ensure that points will be observed near the frontier
when 7 is sufficiently large. This imposes, in our case, an assumption on the
conditional p.d.f. of ® given (y, 7).

Assumption A4: For all y €d and all M €10, /2] ', there exist constants & = 0 and
&> 0 such that Vo €[o(x’(y)), oG (y)) T &, fo'y,n) Zea.

Again, this implies by (23), that (5 y,1) =&V5€[1,1 T &].

In addition, Kneip ez al. (1998) make two additional assumptions regarding the
smoothness of the frontier in order to derive the rates of convergence; these may
be written in terms of 8(x, y). For sake of simplicity, we assume the following here.’

Assumption A5: The distance function 6(x,y) is differentiable in both its arguments.

Consider now a fixed point (x,y) and a sample %"= {(xi,y:) i =1,...,n} gener-
ated by the DGP defined by A1-A5 in terms of polar coordinates, where the
modulus is defined through the distance function with respect to the frontier by
equation (23). An observation (x;,y;) SR? "¢ has as its polar coordinate
representation

(visMi» 8) € =R% X [0, /2] ' X [1, ) (24
where
5 ——20) 25)
o(x"(y:))
The DGP is completely defined through the density of (yi, 1, ;) on &

Fisis 61) = f8i vis M) yi) (i) (26)

Kneip ez al. (1998) proved that for a fixed point (x,v),
8(x,) = 8(x,3) =0p(n 70T @7

Thus, S(x, ) is a consistent estimator of 6(x, y), but the rate of convergence is low;
furthermore, by construction, S(x, y) is downward-biased. Unfortunately, very few
results exist on the sampling distribution of S(x, ). Gijbels ez al. (1999) derived
the asymptotic distribution of 8(x,y) in the special case of one input and one
output (p =g =1) along with an analytic expression for its large sample bias
and variance. This would allow one to construct a bias-corrected estimator and
confidence intervals for this special case. Unfortunately, in the more general
multivariate setting, the radial nature of the distance function and the complexity
of the estimated frontier complicates the derivations; so far, the bootstrap appears
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to offer the only way to approximate this asymptotic distribution. The next
section proposes a general methodology for bootstrapping the distribution of

S(x,y) —0(x,9).

4 The bootstrap
4.1 The principles

Let &2 denote the DGP defined by assumptions A1-A5, from which the random
sample & = {(xi,y:) i =1,...,n} is obtained. Consider again a fixed point (x,y).
From (16) we can obtain an estimate 8(x,y) of 8(x,v). Typically, we would choose
this fixed point to correspond to one of the points in %, but this is not necessary.

Given a consistent estimator & of & estimated from the data .%, consider now a
new data set B* = {(x*,v¥), i =1,...,n} drawn from 2. The convex hull of B
gives an estimator W of ¥, which from the perspective of &%, is the true set of
possible values in %%, and which in our original setting was an estimate of ‘¥
defined in (1). Specifically, we have

P ={(x) emp+qy< z YivE, x = z VixX, z v:i=1,7=20,i=1,...,n}
i=1 ; ;

(28)
Analogous to (14)—(15), corresponding to Y we have
X*(3) = {x SR (x,3) €3 (29)
and
AX* () = {x SR’ xSX*(3), 0x EX*(3) VO= 0= 1} (30)
Replacing X(y) with X*(3) in (16), we have
5*(x,y) =sup{d x/5€X*(v)} (31
which may be evaluated by solving the linear program
(8*(x,3)) ' =min{6> 0y < Z Viyk Ox = Z yixks
- o (32)

Zy,-=1,y,->O,i=1,...,n}
i=1

Note that conditional on &, the sampling distribution of 5%(x, ) is (in principle)
completely known since &? is known, although it may be difficult to compute
analytically. However, the sampling distributions are easily approximated by Monte
Carlo methods. Using & to generate B samples &%, b =1,...,B, yields a set of
pseudo estimates SZ"(x,y), b=1,...,B. The empirical density function of these
bootstrap values gives a Monte Carlo approximation of the sampling distribution
of §%(x, ), conditional on £.

The bootstrap method introduced by Efron (1979) (see also Efron, 1982, or
Efron & Tibshirani, 1993) is based on the idea that if £ is a consistent estimator
of &, the known bootstrap distributions will mimic the original unknown sampling
distributions of the estimators of interest. More specifically,

(%> 3) = 8Cis1)) P (5 3) — 55 3)) | P (33)
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A naive bootstrap would consist of sampling the pairs (x*,y*) with replacement
from the original pairs in . In boundary problems such as this, the naive bootstrap
yields inconsistent estimates (see Bickel & Freedman, 1981 or Beran & Ducharme,
1991 for discussions of this problem in the context of estimating the support of a
univariate density; see Gijbels ez al., 1999 for a two-dimensional case). To illustrate,
consider a fixed point (x,y). With non-zero probability, the naive bootstrap estimate
3*(x,y) will equal S(x,y). This can be proven as follows. In [R”+q, (X(),y) is a
polyhedron defined by all the dominating facets of (xi,vy:), i =1,...,n, where the
dominating facets are given by (3X(y),y) and are determined by (p T ¢) observed
efficient points. The probability that the bootstrap sample £* contains the original
dominating facet of (x,y) is then

rta + \”
el
=0 7] n

which has the limit (1 —e ')*" 7> 0 as » % . Consequently, in the naive bootstrap
5% (xs y) = 5(x, y) with non-zero probability; moreover, this problem does not go
away as n %, and so the naive bootstrap is inconsistent.

One way to overcome this difficulty is to use a smoothed bootstrap, i.e. to draw
i.i.d. bootstrap samples (x*,y*), i =1,...,n, from a density f‘(x,y) on ¥ where
f‘(x, ) is a smooth, consistent estimator of the joint density of (x,y) on Y. In terms
of the polar coordinates introduced in equations (24)—(25), this is equivalent to
estimating the density f(y,7,6) and drawing bootstrap samples (y*,7*, %) from
the estimated density. Unfortunately, f(y,1, ) has bounded support as described
by (24), and ordinary kernel density estimates are known to be biased and
inconsistent near boundaries. Scott (1992) proposes the use of boundary kernels
to deal with this problem in the univariate case, but it is not clear how this method
could be extended to higher-dimensional spaces such as ours. Instead, we adopt
the reflection method proposed by Silverman (1986) to estimate f(y,7, 8).° Since
the frontier is unknown, J is not directly observable in our sample. Therefore, we
will use the estimator of f(y, 7, 8) from the set of points {(yi, i, 5),i=1,.. L5 7}y
where §; is the consistent DEA estimator of &;.

To estimate f(y, 7, 3) consistently, recall from equation (24) that s¢ [1, ©]. As
noted earlier, in a given sample of size n we will likely observe many values of
8;=1. To ensure consistency of our estimator f‘ of f(y, M, 3), we reflect each point
(is Nis 3,-) through the boundary at unity for 5.7 Let & denote the n X (p"‘q)
matrix

& = [y,- n; 8,] (34)

so that the ith row of & contains the observation for the jth firm expressed in
polar coordinates. Then the matrix of points reflected about the boundary o; =1 is

&, = [vi i 2 - Sz] (35)

Let z; denote the /th row of &, and zx; denote the ith row of &. The ‘augmented’
set of points is now given by the 2n X (p T ¢) matrix

& - Z
| 2, (36)
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We wish to estimate the unknown density of the 2z unbounded points represented
by &. We use a multivariate Gaussian kernel function scaled to have the same
shape as the cloud of points in (p T g)-space represented in &. Specifically, let 2,
be an estimate of the covariance matrix of &, which can be written in partitioned

form as
S S
3, :|: 11 12:| 37
S21 S22

where Siis (ptg— 1D X (pFTg—1), Sin=Smis (p+¢g—1) X1, and S, is scalar.®
Accordingly, the corresponding estimate of the covariance matrix of the reflected

data is
S )
5, :|: 11 12:| 38)
—S21 S22

Finally, let K(-) be a (p T ¢)-variate Gaussian density with zero mean and shape
Zsfor /=1,2;ie.

Ko(x) =2n) 2792 (detE)) 2 exp( _ixlz:/_ lx), /=1,2 (39)

A consistent kernel estimator of the density of z = (y,1, ) over the 2n observa-
tions in & is given by

~ _ 1 < 2"z 4 2 T 2R
O R iZI[KI( p ) Kz( p )] (40)

where 7 is the bandwidth.
Then, a consistent estimator f‘h of f, with bounded support & defined in equation
(24), is obtained by setting

27, if z €
36 :{f(Z) nE

0 otherwise

(41)

The remaining question regards the proper choice of the bandwidth 4. Consist-
ency of fi(z), and hence fi(z), requires 2 0 as n %, but not too quickly; in
particular, we need 2 =0 (n 1/@+q+4)). One possibility is to use the normal reference
rule (e.g. see Scott, 1992), which assigns

4 Uptqeta
A “Upteta
h p—+q+2 n 42)

This bandwidth minimizes the asymptotic mean integrated square error (AMISE)
when the data are normally distributed, and have been prewhitened to have unit
variance and zero covariance. Unfortunately, the data in £ will almost certainly
be highly non-normal, and so using equation (42) to determine the bandwidth will
almost certainly fail to minimize the AMISE. A better approach is to use the data
to choose a value / that minimizes an estimate of mean integrated square error
(MISE); we provide such a method in the appendix.

To generate a random sample of size n from ﬂ(z) in equation (41) is very easy;
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an algorithm is given in the next section. This provides pseudo observations
{(y¥,n*,65)€, {=1,...,n}, which can be translated back to the rectangular
coordinates {(x*,v*), i =1,...,n}. To demonstrate this, consider the draw
(y¥,n¥, 6F) from f‘h(z) in equation (41). Given the output level y* and the angle
n¥, we must determine the location of the original estimated frontier X (y*) in
order to compute x*. This is accomplished by solving an additional linear program.

Let % be any point in the x-space on the ray with angle n* (for instance, take
%1 =1 and &+ =tan(}) for j =1,...,p — 1). For this point (%,y*), use equation
(17) to compute 5, v¥). Given the output level y* and the angle 7* contained in
our draw from f‘h(z), we can replace S(x, y) with 3(32, y¥) in equation (18) and the
x appearing in the numerator of (18) with £ to obtain

@0k (k) = —K
X)) =3 (43)
> o(%, v
which gives the (true) input-efficient level of inputs in the bootstrap world.” In
other words, £”*( y¥) gives the value of the input vector with angle i, corresponding
to output level y¥*, and lying on the estimated frontier X (y¥).
Finally we can define the Cartesian coordinates x* by computing

x* = 8F2™* (y¥) (44)

Thus, x* is formed by taking a random deviation away from the input vector
fca*(y,*) lying on the estimated frontier/aX(y,*), consistent with our assumptions
A1-A5 regarding the underlying DGP.

Now, having constructed the pseudo-sample £* = {(x*,v*),7 =1,...,n} we can
compute the bootstrap value 5%(x, y) by solving the linear program (32)."° To
clarify, we detail the various steps we have described above in algorithmic form in
the next section.

4.2 The algorithm

As seen from the previous section, the critical element of our bootstrap procedure
involves generation of pseudo-data (y*,n*, 8%) €& from the density estimate f,(-)
given by equation (41). Our procedure consists of eleven steps, as detailed below.

Step 1. From the original data set &, compute 6= S(x,-,y,-)V 1=1,...,n using
equation (16).

Step 2. Translate the data into polar coordinates: (y;, 7, Si)V 1=1,...,m, and
form the augmented matrix & as in (34)—(36).

Step 3. Compute the estimated covariance matrices Z,,Z,asin (37)-(38), and
the lower triangular matrices L; and L. such that L= LIL; and
z,= LzL; via the Cholesky decomposition.

Step 4. Choose an appropriate bandwidth 7 as described in the appendix using
the information in &, Z, and Z,.

Step 5. Draw n rows randomly, with replacement from the augmented matrix
& and denote the result by the n X (p T ¢) matrix &*; compute 5%, the
1 X (p T ¢) row vector containing the means of each column of &*.

Step 6. Use a random number generator to generate an n X (p 1 ¢) matrix € of
i.i.d. standard normal pseudo-random variates; let &. denote the 7th
row of this matrix. Then compute the # X (p 1 ¢) matrix £* with the sth
row & given by
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& =g L (45)

so that g ~ N,+,(0,2%/) where # =1 if the jth row of £* was drawn
from rows 1,...,n of &, or /=2 if the jth row of &* was drawn from
rows (1t 1),...,2n of &.

Step 7. Compute the n X (p T ¢g) matrix

I'=a+r) "»(M&B*+ hex) +4,® 3% (46)

where M =1, — (1/n) i, i,; is the usual n X n centring matrix with I,
denoting an identity matrix of order #, 7, an n X 1 vector of ones, and
® denotes the Kronecker product."

Step 8. Partition I so that I' = [yi1, 2, 73], where 71 €R%, 1, €[0, 7/2]" ', and
y3€(—©, ) V;=1,...,n Define the n X (p T ¢) matrix of bootstrap
pseudo-data &* such that the ith row z¥ of &* is given by

o = {(%‘1, Yizs ¥i3) ifys =1 @)
Yirs Y22 ~ 7i3) otherwise.
Thus, values 73<1 are reflected back across the boundary & =1,
ensuring that 25 Vi=1,...,n.
Step 9. Translate the polar coordinates in &* to Cartesian coordinates using

equations (43) and (44); note that this requires solving » linear programs
similar to (17), as discussed in the previous section and in footnote 9.
This yields the bootstrap sample £* = {(x*,y*), i =1,...,n}. For
observations where this results in linear programs with infeasible
solutions, repeat Steps 5-8."

Step 10. For the given point (x,y), compute &*(x,y) by solving the DEA
program (32).

Step 11. Repeat Steps 5-10 B times to obtain a set of bootstrap estimates
{(55(x,v) b =1,...,B}.

Step 11 amounts to a Monte-Carlo simulation. Unfortunately, the computational
burden is not negligible, particularly for large »n. Step 1 requires that n linear
programs be solved; Step 9 requires solution of an additional » linear programs,
and Step 10 requires solution of a linear program for each point (x,v) being
considered. Moreover, Steps 9 and 10 are repeated B times. If one were to consider
the efficiency of each of the » points in the original sample %, the total number of
linear programs for such an application would be #(2B 1 1), which is of order
OmB). For very large values of n, however, using the bootstrap to estimate
confidence intervals, variance, bias, etc, for every observation might yield an
overwhelming amount of information. One might gain more insight by identifying
groups of similar observations, perhaps through a cluster analysis, and then
bootstrapping from a representative point for each of these groups, perhaps located
at the centre of each group. Alternatively, the researcher might be interested in the
performance of only a few firms within a large sample, in which case the computa-
tional costs will be much lower than indicated above.

Once the bootstrap values SZ"(x,y), b =1,...,B have been obtained, we can
compute the bootstrap bias estimate for the original estimator 5(x, ) as

Diass [6(x,1)] =B b; 5K (x5 ) — (x5 3) (48)
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which is merely the empirical bootstrap analogue of the definition of bias, i.e.
E[6(x,y)] — 6(x,y). Then a bias-corrected estimator of 6(x,y) can be computed as

5, ) = 8(x, ) — biass [5(x, )]
(49)

=26Ce5) =B ' X 8 (o)

Of course, one should avoid using 6(x,y) if it has a higher mean-square error
than 8(x, ). The variance of the summation term on the right-hand side (r.h.s.) of
the second line of equation (49) can be made arbitrarily small by increasing B. Yet,
even if B, the bias-corrected estimator 5(x,y) will have variance equal to four
times that of the original, uncorrected estimator, S(x, ). The sample variance of
the bootstrap values &k (x, ) gives an estimate of the variance of S(x, 3); call this
estimate 6°. Then the estimated mean square error of 5(x, y) is 46° if B, and
[6% T (biass[6(x, v)])?] for 6(x,y). Hence, the bias-correction should not be used
unless

a1 ~. 2 2
&< g (biass [0(x,)]) (50)

Moreover, since equation (50) contains only estimates of variance and bias rather
than the true values, caution would indicate that the bias correction in equation
(49) be used only if the ratio ‘;L(f)iasg [S(x, y)])z/é2 is well above unity.

The bootstrap values St‘(x, ) can also be used to construct confidence intervals
for the true value 6(x,y), along the lines of Simar & Wilson (1999). Recall that
the idea behind the bootstrap is to approximate the unknown distribution of
(8(x, ) — 8(x,y)) by the distribution of (6*(x, y) — 8(x,v)) conditioned on the original
data %, The bootstrap values St‘(x, v),b =1,...,B,together with the original estimate
5(x, 3), can be used to obtain an empirical approximation to the second distribution.

If we knew the distribution of (8(x,y) — 6(x,)), then it would be trivial to find
values aq, b, such that

Prob(—5.<8(x,1) ~8(6») < —a.) =1 —a (51)

for some small value of &, say 0.10 or 0.05. Since we do not know this distribution,
we can use the bootstrap values to find values a% b% such that the statement

Prob( —b% < 5*(x,y) =80, )< —aX &) =1« (52)
is true with high probability.”> Mechanically, this involves sorting the values
(8*(96,3)) - 8(-’@3’))) b=1,...,B

by algebraic value, deleting (/2 X 100)-percent of the elements at either end of
this sorted array, and then setting — b% and — a¥ equal to the endpoints of the
resulting (sorted) array, with %< bX When we say that equation (52) is ‘true with
high probability’, we mean that this can be made so by making the number of
bootstrap replications, B, large enough; as B %, the probability that equation
(52) is true approaches 1.

Since

[8(xs3) = 8o P =" [8%(xs ) — 85 3)] P (53)
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we obtain the bootstrap approximation
Prob( =5 <8(x,1) — (0, < —a* B)~1 —«a (54)

by substituting a% and b3 for a., and b, in equation (51) and noting the conditioning
in (52). Rearranging the terms in parentheses in equation (54) yields an estimated
(1 — o)-percent confidence interval'*

5(x,3) 1 ar < 8(x,3) < 8(x, ) T b% (55)

As a final note, we remark that, by construction, 8(x,v) = 8(x,v) = 1. Similarly,
we have 8(x,v) =6(x,v) Vb =1,...,B. Necessarily then, 0< g*< p% and so the
estimated confidence interval in equation (55) will only include the original estimate
5(x, ) on its lower boundary if a¥ = 0; more typically, 8(x, y) will fall outside the
estimated confidence interval. This indeed should not be surprising, since 5(x, y) is
necessarily a downward-biased estimator of 6(x, y). This result merely indicates that
5(x, ) and the bootstrap values 5K (xs ) provide enough information about the true
value 6(x,y) to suggest that S(x,y) lies in some range above 5(x, ). In any case
given an estimated confidence interval of size 1 —« as in (55), it is not clear why
the applied researcher would still be concerned with a point estimate.

In the next section, we provide an empirical example to illustrate the algorithm
proposed above.

5 Empirical example

As an illustration of our methods, we examine data reported by Charnes ez al.
(1981) on Program Follow Through (PFT), an experimental education program
administered in US schools. In particular, Charnes er al. displayed data on five
inputs and three outputs for 49 schools that implemented PFT, and 21 schools
that did not, for a total of 70 observations."

Step (4) in our bootstrap algorithm involves choosing the bandwidth parameter
h as described in the Appendix. For the Charnes er al. data, the normal reference
rule in equation (42) gives a bandwidth of 0.65025. Using the least-squares cross-
validation procedure described in the Appendix, we chose a bandwidth of 0.87946,
which we used in our bootstrap estimation. The cross-validation procedure required
just over 34 minutes elapsed time on a SUN Sparcstation 20.

Table 1 shows our original distance function estimates, &(x:, 1), the correspond-
ing bias estimates, and the estimated standard deviations across bootstrap replica-
tions for each observation (6;). The fifth column of the table gives the ratio
T ='§(T3iasB [S(x,-,y,-)])z/é2 discussed in Section 4, which may be used to assess
whether the bias correction might increase mean-square error. The sixth column
shows the bias-corrected distance function estimate, while the last two columns
give the estimated 95% confidence bounds. Results were produced using B = 2000
bootstrap replications using Fortran code written by the authors, requiring approxi-
mately 47 minutes elapsed computation time on a SUN Sparcstation 20.

Bootstrap estimates could not be determined for observations 44 and 59. These
observations were identified as outliers in Wilson (1993); indeed, on every bootstrap
replication, these observations lie above the bootstrap frontier, making solutions to
the linear program (32) infeasible.

Of 70 observations in the data, 27 appear ostensibly efficient as indicated by
distance function estimates S(x,-, y:) =1. The remaining 43 observations have
distance function estimates ranging from 1.0006 to 1.2611. The average distance
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TABLE 1. Estimates from Charnes ez al. (1981) Data

“biass .
i 8Cxi s v0) G y)) & ri 8Cxeis vi) 95% conf. int.
1 1.0393 —0.3660 0.09983 4.4800 1.4053 1.2979 1.6658
2 1.1098 —0.1298 0.02755 7.4010 1.2396 1.1920 1.2988
3 1.0697 —0.1044 0.02917 4.2700 1.1741 1.1244 1.2364
4 1.1091 —0.0796 0.01493 9.4590 1.1887 1.1626 1.2199
5 1.0000 —0.4555 0.04279 37.7600 1.4555 1.3849 1.5520
6 1.0990 —0.2148 0.02752 20.3100 1.3138 1.2668 1.3727
7 1.1218 —0.0739 0.01246 11.7200 1.1957 1.1739 1.2222
8 1.1049 —0.2146 0.09555 1.6820 1.3195 1.1862 1.5587
9 1.1647 —0.0583 0.01623 4.3030 1.2230 1.1940 1.2586
10 1.0629 —0.1912 0.07785 2.0110 1.2541 1.1427 1.4365
11 1.0000 —0.1852 0.04536 5.5570 1.1852 1.1166 1.2902
12 1.0000 —0.2263 0.05568 5.5040 1.2263 1.1295 1.3492
13 1.1596 —0.0577 0.01222 7.4360 1.2173 1.1964 1.2446
14 1.0104 —0.3282 0.03583 27.9700 1.3386 1.2707 1.4102
15 1.0000 —0.5242 0.06214 23.7200 1.5242 1.3992 1.6348
16 1.0524 —0.1876 0.12940 0.6999 1.2400 1.0903 1.5755
17 1.0000 —0.4295 0.03129 62.8200 1.4295 1.3758 1.4965
18 1.0000 —0.1628 0.03022 9.6760 1.1628 1.1086 1.2273
19 1.0498 —0.1136 0.06259 1.0980 1.1634 1.0899 1.3208
20 1.0000 —0.2803 0.04940 10.7300 1.2803 1.1865 1.3745
21 1.0000 —0.2745 0.06869 5.3220 1.2745 1.1762 1.4426
22 1.0000 —0.1517 0.02412 13.1900 1.1517 1.1055 1.2005
23 1.0258 —0.0818 0.08330 0.3216 1.1076 1.0452 1.3559
24 1.0000 —0.2797 0.04325 13.9400 1.2797 1.1926 1.3607
25 1.0217 —0.0472 0.01016 7.2050 1.0689 1.0511 1.0905
26 1.0609 —0.0586 0.01968 2.9580 1.1195 1.0908 1.1605
27 1.0000 —0.2055 0.03653 10.5500 1.2055 1.1379 1.2809
28 1.0097 —0.2101 0.04340 7.8100 1.2198 1.1374 1.3101
29 1.1321 —0.3840 0.05839 14.4200 1.5161 1.4065 1.6416
30 1.1193 —0.1371 0.03092 6.5520 1.2564 1.2034 1.3240
31 1.1949 —0.1108 0.02143 8.9130 1.3057 1.2676 1.3511
32 1.0000 —0.3943 0.05993 14.4300 1.3943 1.2755 1.5158
33 1.0503 —0.0995 0.09790 0.3444 1.1498 1.0683 1.4155
34 1.1640 —0.0556 0.01957 2.6870 1.2196 1.1903 1.2643
35 1.0000 —0.1989 0.06898 2.7720 1.1989 1.1276 1.3640
36 1.2611 —0.2452 0.02787 25.8100 1.5063 1.4610 1.5666
37 1.1914 —0.2136 0.02556 23.2600 1.4050 1.3605 1.4566
38 1.0000 —0.4555 0.01724  232.7000 1.4555 1.4302 1.4963
39 1.0621 —0.1587 0.02787 10.8000 1.2208 1.1737 1.2822
40 1.0528 —0.1237 0.02077 11.8100 1.1765 1.1349 1.2188
41 1.0500 —0.0419 0.00911 7.0520 1.0919 1.0761 1.1117
42 1.0491 —0.2513 0.04766 9.2660 1.3004 1.2103 1.3987
43 1.1564 —0.1302 0.03012 6.2300 1.2866 1.2341 1.3534
44 1.0000 — — — — — —
45 1.0000 —0.4512 0.01796  210.4000 1.4512 1.4238 1.4932
46 1.0954 —0.0453 0.02795 0.8764 1.1407 1.1108 1.2011
47 1.0000 —0.2209 0.02121 36.1400 1.2209 1.1867 1.2676
48 1.0000 —0.5234 0.08306 13.2400 1.5234 1.3451 1.6637
49 1.0000 —0.2589 0.06305 5.6180 1.2589 1.1514 1.3912
50 1.0431 —0.1373 0.04753 2.7820 1.1804 1.0989 1.2882
51 1.0871 —0.2310 0.04088 10.6500 1.3181 1.2381 1.4025
52 1.0000 —0.2859 0.06394 6.6650 1.2859 1.1805 1.4317
53 1.1498 —0.1050 0.02130 8.0960 1.2548 1.2169 1.2999
54 1.0000 —0.4867 0.10150 7.6630 1.4867 1.3971 1.7701
55 1.0006 —0.1763 0.01990 26.1400 1.1769 1.1430 1.2199
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TABLE 1.—(Continued)

“biass .

i SCx:, i) 6, ) & ri S(x:, Vi) 95% conf. int.

56 1.0000 —0.4798 0.07058 15.4000 1.4798 1.3393 1.6047
57 1.0788 —0.1390 0.02660 9.1010 1.2178 1.1676 1.2718
58 1.0000 —0.3884 0.02700 68.9800 1.3884 1.3357 1.4410
59 1.0000 - - - - — —

60 1.0199 —0.1105 0.02123 9.0370 1.1304 1.0908 1.1743
61 1.1202 —0.4258 0.05587 19.3700 1.5460 1.4464 1.6654
62 1.0000 —0.5512 0.02615 148.0000 1.5512 1.5145 1.6131
63 1.0379 —0.2103 0.03244 14.0100 1.2482 1.1898 1.3135
64 1.0749 —0.0490 0.01276 4.9210 1.1239 1.1009 1.1507
65 1.0252 —0.2276 0.03026 18.8700 1.2528 1.1980 1.3150
66 1.0687 —0.0516 0.01264 5.5470 1.1203 1.0971 1.1472
67 1.0568 —0.0481 0.01353 4.2090 1.1049 1.0808 1.1353
68 1.0000 —0.3085 0.07885 5.1030 1.3085 1.1707 1.4780
69 1.0000 —0.5641 0.03237 101.2000 1.5641 1.5084 1.6354
70 1.0373 —0.1484 0.03230 7.0310 1.1857 1.1314 1.2540

function estimate over the PFT schools (observations 1-49) is 1.0384, while
the average estimate over the non-PFT schools (observations 50-70) is 1.0300,
indicating only a negligible difference; Charnes ez al. concluded that PFT schools
were no different from non-PFT schools.

Additional insight is gained, however, by considering the stochastic nature of the
estimation problem using our bootstrap method. Table 1 reveals that the estimated
biases are negative, as expected, and in numerous cases quite large. In fact, among
the observations whose initial distance function estimate is unity, lower bounds for
the estimated 95% confidence intervals range from 1.1055 to 1.5145. The estimated
variances, on the other hand, are frequently quite small, so that the ratios r; fre-
quently exceed unity, in many cases by a great deal. Thus, for example, observation
5, which appears ostensibly efficient if only views only the original distance function
estimate, has a bias-corrected distance function estimate of 1.4555, suggesting that
the same outputs could have been produced while scaling inputs back by more than
45%. The estimated 95% confidence interval for this observation suggests that
inputs could have been reduced by between 38.5% and 55.2%.

The PFT observations have an average bias-corrected distance function estimate
of 1.2717, while the non-PFT schools have a corresponding average of 1.2972.
Similarly, the estimated lower confidence bound averages are 1.2055 for the PFT
schools, and 1.2322 for the non-PFT schools. The estimated upper 95% confidence
bounds average 1.3693 and 1.3806 for the PFT and non-PFT schools, respectively.
These results seem to support the conclusion that there is no significant difference
between PFT and non-PFT schools. However, our results also suggest that the 70
schools in the sample are considerable more inefficient than revealed by the initial
point estimates of inefficiency.

To check the robustness of our results with respect to the choice of bandwidth in
Step 4 of our bootstrap algorithm in Section 4.2, we repeated our analysis of these
data while setting the bandwidth first at 0.5 times the value chosen by our cross-
validation procedure, then at 1.5 times the cross-validated bandwidth. Table 2
shows the 95% confidence interval estimates for both these cases, as well as for the
original case for comparison. These results indicate that our bootstrap procedure is
very robust with respect to choices of the bandwidth parameter used in the kernel
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TABLE 2. Estimated 95% confidence intervals with alternative bandwidths

i h =0.87946 h =0.43973 h =1.3192
1 1.2979 1.6658 1.2982 1.7050 1.3046 1.7675
2 1.1920 1.2988 1.1921 1.2992 1.1920 1.3010
3 1.1244 1.2364 1.1270 1.2376 1.1265 1.2355
4 1.1626 1.2199 1.1632 1.2217 1.1637 1.2208
5 1.3849 1.5520 1.3886 1.5571 1.3923 1.5603
6 1.2668 1.3727 1.2666 1.3782 1.2678 1.3826
7 1.1739 1.2222 1.1733 1.2224 1.1736 1.2223
8 1.1862 1.5587 1.1910 1.5489 1.1929 1.5390
9 1.1940 1.2586 1.1944 1.2578 1.1939 1.2570
10 1.1427 1.4365 1.1526 1.4452 1.1568 1.4764
11 1.1166 1.2902 1.1183 1.2928 1.1208 1.2947
12 1.1295 1.3492 1.1383 1.3449 1.1492 1.3446
13 1.1964 1.2446 1.1970 1.2457 1.1959 1.2447
14 1.2707 1.4102 1.2771 1.4160 1.2800 1.4213
15 1.3992 1.6348 1.4157 1.6486 1.4263 1.6529
16 1.0903 1.5755 1.0969 1.5606 1.1010 1.5714
17 1.3758 1.4965 1.3774 1.5000 1.3790 1.5046
18 1.1086 1.2273 1.1130 1.2303 1.1188 1.2348
19 1.0899 1.3208 1.0927 1.3099 1.0927 1.2964
20 1.1865 1.3745 1.1967 1.3783 1.2069 1.3797
21 1.1762 1.4426 1.1861 1.4453 1.1922 1.4360
22 1.1055 1.2005 1.1087 1.2048 1.1111 1.2057
23 1.0452 1.3559 1.0457 1.3436 1.0460 1.3306
24 1.1926 1.3607 1.2020 1.3649 1.2103 1.3698
25 1.0511 1.0905 1.0511 1.0913 1.0513 1.0901
26 1.0908 1.1605 1.0917 1.1625 1.0911 1.1632
27 1.1379 1.2809 1.1437 1.2862 1.1456 1.2886
28 1.1374 1.3101 1.1409 1.3141 1.1453 1.3180
29 1.4065 1.6416 1.4085 1.6492 1.4159 1.6573
30 1.2034 1.3240 1.2027 1.3316 1.2050 1.3334
31 1.2676 1.3511 1.2682 1.3536 1.2690 1.3531
32 1.2755 1.5158 1.2876 1.5232 1.2904 1.5289
33 1.0683 1.4155 1.0686 1.4205 1.0700 1.3882
34 1.1903 1.2643 1.1907 1.2616 1.1902 1.2600
35 1.1276 1.3640 1.1284 1.3824 1.1300 1.3725
36 1.4610 1.5666 1.4595 1.5695 1.4609 1.5736
37 1.3605 1.4566 1.3620 1.4643 1.3634 1.4664
38 1.4302 1.4963 1.4312 1.5002 1.4318 1.5018
39 1.1737 1.2822 1.1755 1.2852 1.1768 1.2850
40 1.1349 1.2188 1.1359 1.2191 1.1383 1.2197
41 1.0761 1.1117 1.0759 1.1102 1.0762 1.1100
42 1.2103 1.3987 1.2161 1.4011 1.2153 1.4088
43 1.2341 1.3534 1.2355 1.3523 1.2340 1.3492
44 - - - - - -
45 1.4238 1.4932 1.4252 1.4975 1.4252 1.4981
46 1.1108 1.2011 1.1097 1.1919 1.1099 1.1872
47 1.1867 1.2676 1.1886 1.2703 1.1883 1.2732
48 1.3451 1.6637 1.3689 1.6790 1.3945 1.6785
49 1.1514 1.3912 1.1621 1.4125 1.1701 1.4261
50 1.0989 1.2882 1.1032 1.2887 1.1065 1.2878
51 1.2381 1.4025 1.2429 1.4086 1.2472 1.4109
52 1.1805 1.4317 1.1845 1.4368 1.1968 1.4452
53 1.2169 1.2999 1.2179 1.3038 1.2193 1.3054
54 1.3971 1.7701 1.3995 1.8317 1.3971 1.8561
55 1.1430 1.2199 1.1422 1.2188 1.1433 1.2213
56 1.3393 1.6047 1.3497 1.6168 1.3753 1.6278
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TABLE 2.— (Continued)

i h =0.87946 h =0.43973 h =1.3192

57 1.1676 1.2718 1.1707 1.2732 1.1727 1.2758
58 1.3357 1.4410 1.3402 1.4434 1.3439 1.4467
59 - - - - - -
60 1.0908 1.1743 1.0936 1.1781 1.0947 1.1794
61 1.4464 1.6654 1.4524 1.6783 1.4598 1.6799
62 1.5145 1.6131 1.5168 1.6202 1.5171 1.6257
63 1.1898 1.3135 1.1935 1.3186 1.1958 1.3230
64 1.1009 1.1507 1.1000 1.1477 1.0994 1.1484
65 1.1980 1.3150 1.2013 1.3215 1.2020 1.3262
66 1.0971 1.1472 1.0976 1.1459 1.0978 1.1459
67 1.0808 1.1353 1.0813 1.1327 1.0813 1.1321
68 1.1707 1.4780 1.1808 1.4786 1.1928 1.4761
69 1.5084 1.6354 15123 1.6409 1.5139 1.6475
70 1.1314 1.2540 1.1340 1.2608 1.1356 1.2670

smoothing; missing the cross-validated bandwidth by as much as 50% in either
direction has only negligible effect on the estimated confidence intervals for each
observation in our sample. Note also that the normal reference rule for this sample
gives a bandwidth of 0.65025, which is 0.739 times the cross-validated bandwidth
for this sample. Thus, our results suggest that one might use the normal reference
rule to avoid the computational burden of the cross-validation procedure at little
cost in terms of the estimated confidence intervals, at least with the sample we have
examined.

6 Conclusions

As noted in the introduction, DEA methods have been widely applied to examine
efficiency in a variety of production settings. Yet, despite a small but growing
literature on the statistical properties of DEA estimators, most researchers have
used these methods while ignoring the sampling noise in the resulting efficiency
estimators, and continue to do so. As our empirical example demonstrates, ignoring
the statistical properties of DEA estimators and the uncertainty surrounding DEA
estimates can lead to erroneous conclusions.

We have provided a general, computationally tractable method for adapting
bootstrap methods to the problem of non-parametric efficiency estimation. While
it is true that with samples containing many hundreds or thousands of observations
it will likely be infeasible to obtain bootstrap estimated confidence intervals for
each observation, as we have done in our empirical example, it is not clear why
one would want to do so when the resulting volume of information would
overwhelm any mortal practitioner. Rather, our method can be used to assess
uncertainty about distance to the true production frontier from a relatively small
number of points in the production set, cleverly chosen to reflect the location of
most of the data, or of at least the most interesting part of the data.
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Notes

1.

11.

12.

13.

14.

Estimation of efficiency using the free disposal hull (FDH) method of Deprins ez al. is typically
accomplished without solving linear programs, although the problem is sometimes formulated in
terms of linear programs.

. We discuss the nature of the DGP implicit in DEA models below; see also Simar (1996) and Kneip

et al. (1998).

. Use of the convex hull to estimate ¥ allows for the possibility of varying returns to scale. If the

underlying technology is one of constant returns to scale, we could delete the constraint 2=, y; = 1
in equation (13) to obtain the conical hull (intersected with the free-disposal hull) as an estimate
of V. Alternatively, replacing the equality constraint in (13) by the inequality Py 7,1 assumes
non-increasing returns to scale. Since we do not know the true production set ¥, we use the less-
constrained convex hull to estimate V.

. Even with this non-restrictive assumption, the consistency of 3(x, ) for a given (x,y) is achieved.

Simar & Wilson (1998, 1999) imposed independence between & and (y,n) so that f((‘)"y, n =f(5).
We avoid this restriction here, allowing the distribution of radial inefficiency to vary over the
production set.

. For more details on the role of the smoothness of the frontier on the rates of convergence, see

Kneip er al. (1998). Assumption A5 here is slightly stronger than assumptions A5-A6 in Kneip
et al., but can be relaxed easily; the only cost is an increase in notational complexity.

. This idea was used in Simar & Wilson (1998, 1999) but there, the estimator of & incorporates

homogeneity restrictions as described previously in footnote 4.

. The boundary conditions y =0 and 1,€[0,7/2],j =1,...,p — 1 are not taken into account here for

sake of simplicity and because, in practice, these constraints are seldom binding. The problem
mentioned above is related to the fact that for a given (x,y), the naive bootstrap frontier dX*(y)
could be equal to the estimated frontier dX(y) with positive probability. So only reflection about
this boundary is necessary in practice. Our method could be adapted, if desired, to account for the
boundary constraints on y and 77 but at a cost of complexity: y:, 2 =1,...,¢ would be reflected
about 0 and 1;€[0,7/2],7=1,...,p — 1 would be reflected about zero and about /2. This would
lead to an augmented data matrix & corresponding to equation (36) of size 12ng(p —1) X (p T ¢).
We prefer, for simplicity, to delete any negative bootstrap value of y* and any infeasible value of ¥
below, if by chance, such values should appear in the bootstrap algorithm.

. The data represented by the rows of & may not fall in a regular ellipsoid due to the typical large

number of cases where &; = 1. From the viewpoint of the sample covariance matrix, this situation
resembles the problem of outliers; furthermore, the sample covariance matrix is quite sensitive to
outliers. A robust estimator with high breakdown point would be a better choice for T.. We use
the M-estimator of the covariance matrix described by Campbell (1980). Alternatively, one could
use the minimum volume ellipsoid estimator proposed by Rousseeuw (1985) when (p t ¢) is large,
since the breakdown point of M-estimators decreases as the dimensionality increases (see Hampel
et al., 1986, chapter 5, for a discussion of this point). Unfortunately, the minimum volume ellipsoid
estimator is more difficult to compute.

. Replace (x,y) with (£, y*) in equation (17) and solve the resulting linear program to obtain 8z, V).
. The linear program (32) will not have a solution if y;~ max;(y*); the solution is infeasible in this

case since (x,y) lies above the bootstrap frontier. This is a problem of finite samples.

The rescaling factor (1 /%) ' is required for the rows of I to have approximately the covariance
structure 2, of the original data in &; the centering correction is to keep the correct mean of &.
In some cases, the linear program described in footnote 9 may have infeasible solutions; this will
happen when y* = max;(y;). One approach would be to impose an additional boundary condition,
namely, y* < max;(y;), but this would result in a great increase in complexity and computational
burden. We adopt the simpler, innocuous approach of deleting bootstrap values for which
¥~ max;(y;), and then redrawing. Note that the inequalities here are understood to be element-
wise. In our empirical example in Section 5, this problem arises in approximately 2.3% of
bootstrap draws.

Note that we have omitted the subscript b from & in (52), to signify the random variable 5%, as
opposed to one of its realizations, 5¢.

In Simar & Wilson (1998), we constructed confidence intervals for distance functions using an
estimate of bias analogous to (48). The approach in this paper avoids introducing the extra noise
contained in this estimate. The bias inherent in the distance function estimates is implicitly
accounted for here since we use the bootstrap values to construct an empirical distribution of
differences as in equation (53).
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15. See Charnes et al. for the actual data and a detailed discussion, including definitions of the input
and output variables. Charnes ez al. indicate that schools with similar circumstances were chosen
for their data to allow comparison of those implementing PFT and those not doing so.
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Appendix. Choice of bandwidth

Least-squares cross-validation (e.g. see Silverman, 1986) provides a data-driven
criterion for choosing the bandwidth % in kernel density estimation. As Silverman
(1986) demonstrates, the usual cross-validation function gives an approximation
to MISE; the goal is to choose % to minimize this approximation. As noted
previously, the usual cross-validation function suffers from degenerate behaviour
when data have been discretized, allowing the cross-validation function to approach
— o as 0.

We deal with this problem by minimizing an approximation to the mean weighted
integrated square error (MWISE) (see for example Hardle, 1990). The MWISE is
defined by

E|l | w(2) (A2) —fi(2)*dz

=E| | w@)fr(2) dz — 2 | w@A)f(2) dz T | w(z)f’(z) dz

where w(z) is some predefined weight function.

The last term of equation (Al) does not depend on 7, so the optimal choice of
the bandwidth (in the sense of minimizing MWISE) minimizes the following
criterion:

Ch) =E| | w(2) f 2(2)dz — 2| w) f(z)f‘h (z)dz (A2)

The idea of cross validation is to construct an estimate of C(%) from the data
{zi»1=1,...,n}. Following Silverman, an unbiased estimator of C(%) is given by

cvn) = | w)fi(z)dz —i > w(z)fi-i(20) (A3)

i=
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where f‘h -i(z:) is the leave-one out estimator of f(z;) based on all the original
observations except z;, with bandwidth 7.
In order to avoid the discretization problem, we define the weight function w(z) as

{0 if6€[1,1 T ¢
w(z) =

. (Ad)
1 otherwise,

where ¢ is small, say 10 °. By choosing > 0 but very small, we avoid the
discretization problem by preventing observations where 5, =1 from influencing
the CV(h) in (A3). The value of ¢ should be chosen small enough so that only
observations where §; =1 are eliminated.

In minimizing CV (%) with respect to 4, clearly there is no problem in computing
the second term on the r.h.s. of (A3), but the first term is more difficult. We can
write this first term as

jw(z)ﬁ(z) dz ZJ Fi(2)dz _j Fi(z)dz (A5)
z€d zE€H

&

where &, =R% X [0, 7/2]" ' X [1,1 1 4.
Consider the first term of the r.h.s. of (A5):

ff e B (55 52
e (55
= et z@+ é ]ilj Z Z")KI(Z—;ZI') +K1(Z;Zi)K2(Z —thf)
s Sl e |

n

= 2o+ta -1 2(p+q)_1 z ZJ [Kl(h_IZi_u)Kl(u_h_IZj)
nwh i=17=1¢,, eq

TR mmwKe(w—h zr) TR zr WK — k')

TKo(h ar —wKa(u — b zr)] du

2Ri 2RI — 2R
T 2ete 1 2h2(p+q)-1 Zl zl|:K11( 3 )+2K12(TRL)+K22($1):|

where u =% 'z (implying dz = A du), Ki:1(+) is the convolution of K;(-) with itself
and hence is N(0,2Z,), K1»(-) is the convolution of K;(-) with K»(+) and hence is
N(,Z, TZ,) and K»(-) is the convolution of K,(-) with itself and hence is
N(0,2%,).
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Consider now the second term on the rh.s. of (A5). Let B=(y,n),
B =R% X[0,7/2]” ', and € =[1,1 T &]. Then
j fi(@dz =I j Fr (B )f(5) dpds (AT)
z€d 5€EC Y peR

=I U f‘i(ﬁc?)dﬁ]f‘i(é)dé
s5€€ BB

Now consider the bracketed term in the last part of (A7). Partition z; and zr: so

that z; = (B, 3,-) and zr = (Biy2 — 3,-). Then conditioning on J in our definition of
#i(2) in equation (41) yields

S ﬂ_—&‘ﬂ B 13‘ —(2-45)
Jn(B'&) = hwzl[’“( p h) (h p ﬂ (A8)

Squaring both sides of this yields

SR ﬁ—Bi‘é—&- [3_[31"5_8{)
fh(ﬁ 5) n2h2@+q> g Z|: ( h h )Kl( h h

+2K1(/3—/3,-‘6—6,-)[{2(/3—/3,»‘6—@—6») 29
h h h h

Kz(/s—ﬁ,-‘é—(z _5"))1@(’3_‘3"‘5_(2 —6»”
h h h h

We must integrate both sides of this expression to obtain the bracketed term in

— Dy 5 _S,'
(A7). Since Ki(-) is multivariate N(O, 21), K, (u I

) must be
h

. 6-=4 _
N(Slezle, Su _8128221821)

-Bls— -4
Similarly, K»(-) is multivariate N(0, 22), and hence K> ( b0 ‘ (h :

) must be

58— -4
N( 8128221_(—)'

Su _81282_21821)
h

- 64 8- -4
Let S112=8u _8128221821, M 281282217 and b = —S128»" .

5 =4 ;
Then we can rewrite Kl(u‘ ) as ¢1,(u), where ¢1.(-) is N(ti, S11.2).
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u), where ¢,.(-) is

ﬂ—ﬂi‘é—@—&)

can be rewritten as ¢
h h

Similarly, Kz(

N(this S112). Then, integrating (A9), we have

j fh(ﬁ &dﬁ = 2 2(p+q) z z j |:¢lz(ﬁ _ﬂi)q)lj(ﬁ _ﬂ1)
BEB i=1;=1 peB h h
(A10)

e i B e B e |

Using the same convolution argument as in (A6), we obtain the bracketed term
of (A7):

o)) nfe]

o
[ rwow-cmes 5ot

B i=1j7=1
(A11)
where for &, =1,2, ¢;(+) is the convolution of ¢ () and ¢4(-). Hence ¢y is

N (i + Hijs 28112), ¢121j is Nt + Hojs 28112), and ¢22ij is Ntz + Hojs 2811.2).
Substituting (Al1) into (A7), we have, for the second term on the r.h.s. of (A5),

72 = 1 3 3 . l_ [
jgéd fh (Z) dz n2h2@+q> ot igl j:zl JAa‘E% |:¢111J( h )

' (Al12)
+2¢12:'J'(Lh&) ¢22y(u):|fh(5) dé

We now need ﬁ(c?). Note that from the definition of our multivariate density
estimator (equation (41)), and the fact that the marginal of a multivariate normal
is also normal, we have

1 556 5—(2 -4
— Yn_ + i . >

otherwise

where K, (-) is the univariate normal density with mean O and variance S»,.
Squaring both sides of (A13) yields

=11=1 h h

+K*(5_(§_6k)K*(5_(i_51))] (A14)
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Finally, substituting (A14) into (Al2) yields a form for the second term on the
r.h.s. of (A5) that we can compute:

22 -1

J!edgfh () dz n4h2(p+q> +1 JAgeg

[ o) )]
i 1 h h

el
E=11=1 h h h h

B

M=

1

+1<*(5—‘<2h;5k1)1<*(5—‘<i;@1)]}d5 Als)

This can be solved by any one of several one-dimensional numerical integration
techniques on & over € =[1,1 T g]. We use ten-point Gauss—Legendre quadrature
in our empirical example discussed in Section 5. The computation cost in solving
(A15) should not be too great, since the integral is over a short interval in one
dimension. In addition, the integral must be evaluated only once each time CV (%)
is evaluated. Note that @117, @125 and ¢2»; depend on J through their mean terms,
and so remain under the integral sign.
Finally, the second term inCV (%) in (A3) can be written

n n

2 N (- :2 ; N 23 + 2~ 2R
2 2@ @) n,-;w(z’)(n—l)h@”’ zl_ [Kl( h ) Kz( h )]

2 V@Y [K(Z—_Zl) +K(mﬂ

n(n — DAY = i< h h
J
(A16)

which involves straightforward computations.

Substituting (A6) and (Al5) into (A5), and then substituting the resulting
expression together with (A16) into (A3) yields an expression for CVV(4) that can
be computed numerically. Of course, the resulting expression of CV(h) will be
rather complicated; consequently, minimization with respect to %z will typically
require a grid search over a range of values % € [/mins Amax]. The range of values
could be determined by taking factors of, say 0.25 and 2.0, of the bandwidth
suggested by the normal reference rule in equation (42). Note that due to the
nature of kernel functions, the expression comprising CV(4) will be easier to
compute for small values of % than for large values. In a similar problem, Fan &
Gijbels (1996) suggest evaluating CV (% = hmin), then successively increasing # by
small increments, evaluating CV (%) each time. The process terminated after some
number of successive increases in CIV (%) have been observed, and the value of £
that yielded the smallest value for CV(%) is then chosen as the optimum.





