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Abstract

Efficiency scores of firms are measured by their distance to an estimated production fr
The economic literature proposes several nonparametric frontier estimators based ont
of enveloping the data (FDH and DEA-type estimators). Many have claimed that FDH
DEA techniques are non-statistical, as opposed to econometric approaches where pa
parametric expressions are posited to model the frontier. We can now define a stat
model allowing determination of the statistical properties of the nonparametric estim
in the multi-output and multi-input case. New results provide the asymptotic samy
distribution of the FDH estimator in a multivariate setting and of the DEA estimator in
bivariate case. Sampling distributions may also be approximated by bootstrap distribt
in very general situations. Consequently, statistical inference based on DEA/FDH
estimators is now possible. These techniques allow correction for the bias of the effic
estimators and estimation of confidence intervals for the efficiency measures. This

summarizes the results which are now available, and provides a brief guide to the ex
literature. Emphasizing the role of hypotheses and inference, we show how the resul
be used or adapted for practical purposes.

Keywords: DEA, FDH, Nonparametric estimation, Efficiency, Frontier models, Bootstrapping.

1. Frontier Analysis and The Statistical Paradigm
1.1. The Frontier Model: Economic Theory

The economic theory underlying efficiency analysis is based on the work of Koopr
(1951) and Debreu (1951) on activity analysis. Farrell (1957) is the first empirical v
where the problem of measuring efficiencies for a set of observed production un
analyzed. Shephard (1970) provides a modern economic formulation of the problem
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The basic concepts and notation can be fixed as follows. The activity of production
is constrained by the production sktof physically attainable point&, y):

¥ = {(x,y) € R{™®| x can producey}. (1.1)

wherex e }R_‘i is an input vector ang € Ri is an output vector.
This set can be described mathematically by its sections. For example, in the input
we have the input requirement sets foryl W:

X(y)={xeRE | (x,y) e W}. (1.2)

The radial (input-oriented) efficiency boundary (“efficient frontie?X (y) is then defined
by:

aX(Y) ={x|xeX(y),ox¢ X(y)y V0 <6 < 1}. (1.3)

a X (y) defines the “radially efficient” pair, y) and the Farrell input measure of efficieRcy
for a given point(x, y) is now defined as:

0(x,y) =Iinf{6 | 6x € X(y)}. 1.4

0(x,y) gives the radial, proportionate reduction of inputs a firm locategkay) should
perform in order to be considered as “input technically efficient”. Given an outputyev
and an input-direction determined Rythe efficient level of input is given by

X’ (y) = 0(X, y)X. (1.5)

Since radial distances are considered, the polar coordinatearef useful for describing
the position of(x, y):

modulus:  ® = »(x) € R}

angle: n=nKX)e [0, %]p_l. (1.6)

In general practical situations, when analyzing a particular sector of activity, the attair
set W is unknown, and so areX(y), dX(y), andf(x, y). Typically, only a sample of
production units is observed:

Xn={(, ¥),i =1,...,n}. (1.7)

The so-called “deterministic frontier” approach assumestkat;) € ¥,i = 1,...,n
In other words, all the observed units are attainabés (here are no measurement error
no noisegtc).’

The problem is thus testimatethe unknown quantities listed above usifig Suppose
we are able to obtairhy some technlqueI/ X(y) and9(x y) (which areestimatorsof
the corresponding quantitids, X (y), andé (x, y) defined above), based on the samfile
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The natural questions which are then raised include:
e What are the properties of these estimators? Are they consistent, unbiased?

e What can these estimators tell us about the corresponding true values? For ex:
what are the confidence intervals fox, y)? How can they be estimated?

e Can hypotheses about the production process be tested (e.g., comparison of gro
testing returns to scale)?

The most popular nonparametric estimatord afre defined as minimal sets containing tt
observed data);,,. The Free Disposal Hull (FDH) estimator is based on free disposab
assumptions o, while the Data Envelopment Analysis (DEA) estimator relies on 1
additional assumption of convexity. In cases where one is willing to assume con
returns to scale, the DEA estimator (&) comprising the union of the conical and fre
disposal hulls oft;, is often used.

The statistical aspects of the DEA and FDH methods have gained anincreasing impo
in the literature; see Grosskopf (1996) for a nice survey (see also Simar (1996)). I
paper we summarize the results which are now available and provide a guide to the e
literature as well as some new Monte Carlo evidence. Stressing the roles of hypothes
inference-making, we show how the results can be used or adapted for practical applic:

It is clear that the properties of frontier and efficiency estimators will depend on
properties of the process which generates the &ataAssumptions regarding this data
generating process (DGP) comprise the statistical model. Such a model is presentec
next subsection.

Next, section 2 briefly reviews the basic definitions of FDH and DEA estimators and s
marizes their basic properties. Section 3 develops more details on the asymptotic sar
distributions, and discusses their usefulness as well as their drawbacks. Section 4
how, in practice, the bootstrap can be implemented within this framework to estimate c
dence intervalstc. Section 5 debunks some claims about a recently proposed, altern
method for bootstrapping in DEA models, and section 6 discusses evidence from N
Carlo experiments. Section 7 concludes with some comments and open questions for
research.

1.2. A Data Generating Process

Assumptions on the DGP comprise the statistical model, which defines how the observ
in X, are generated. Many models can be considered, but since DEA and FDH are nol
metric estimation methods, there seems to be no need for parametric assumptions ak
DGP, orindeed, any assumptions other than those required to establish consistency;, ¢
gence ratesstc.of the estimator8.Here, we present perhaps the simplest statistical mo
consisting of assumptions on the DGR a densityf (x, y) on ¥ generating independent
identically distributed (iid) observations;, y;),i = 1,...,n.®

AsSSUMPTIONAL free disposability.
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Inputs and outputs contained ¥ are freely disposable;e., if (x, y) € ¥, then(X, ) €
W for all (X, §) such thaX > x andy < y.”

This assumption will sometimes be reinforced by a convexity assumption. Inthe latter
we will replace assumption Al with

ASSUMPTIONAL’ free disposability, and convexity @f.
Inputs and outputs contained i are freely disposable, andl is convex.

A DGP must define how a sample is generated. The simplest case is to consider re
samples of size:

ASSUMPTIONAZ2 iid sampling.
The sample observations i, are realizations of iid random variables ob with prob-
ability density functior{pdf) f (x, y).

The densityf (x, y) can be described through many decompositions. In our case, the e
way is in terms of cylindrical coordinatesx, y) < (w, n, y). Then, we can decompost
the joint pdf of (w, n, y) as follows:

fw,ny)=Tf(lny f@ly (1.8)

where all the conditional densities exist. In particuliy) is defined orR%, (5 | y)
is defined on [07] P-1 and conditional oy, n), the modulusy has densityf (w | Y, n)
defined oriRi. This completely defines a pdf(x, y) for (x, y) on V.

For a given(y, n), thefrontier pointx?(y) has modulus

oX’(y) =inflweR} | f(w]y,n >0}. (1.9)

Itis interesting to note that the Farrell efficiency score of a poiny) is a simple function
of the corresponding modulus:

oY) _

0=<0x,y)= o) =

1. (1.10)

Remark 1. The densityf (w | v, n) on [w(x?(y)), oo] induces a densityf (6 | y, ) on
[0, 1].

In order to prove consistency, we must assume that efficient units can be observe
probability approaching unity as the sample size increases:

ASSUMPTIONA3 probability mass in a neighborhood of the true frontier.
Forally > 0and allp € [0, %]pfl, there exist constants > 0 ande, > 0 such that

Vo eloX(y), ox* () +el, fwly,n = e.
Finally, the rates of convergence of the obtained estimator will depend on the smoothn

the frontier. This smoothness can be expressed through many characteristics of the fr
here, we describe smoothness of the frontier in terms of the Farrell efficiency &cores.
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AssuUMPTIONA4 smoothness of the true frontier.
For all (x, y) in the interior of ¥, 6(Xx, y) is differentiable in both its arguments.

The above assumptions define the DIBRhich generated), on . P may be characterized
several ways:

P=PW, f(X,y) =P, f(o,n,y) =P, f@,n,Yy). (1.11)
Remark 2. The problem of estimating the DGPis thus highly related to the problem o
estimating the unknown support of a multivariate density. Regarding (1.11), we note

W is implicit in (as the support off (x, y) or f(w, n, ¥), but isnot implicitin (6, n, y)
because G< 8 < 1. We need to know to translatef (9, n, y) to f (w, n, y) or f(X, y).

2. The Non-Parametric Envelopment Estimators
2.1. The FDH Estimator

Deprins et al. (1984) proposed measuring efficiency for a given(unit) relative to the
boundary of the free disposal hull of the samale

Weph (An) = {(x, Y) eRY Yy <viox =%, (6. y) € Xn} : (2.1)
The FDH estimator of input efficiency for a given poit y) € W is then
Oron(x, y) = inf {60 | (X, y) € Prpu(An)}. (2.2)

To compute§ (Xo, Yo) at an arbitrary pointxo, Yo) € Rﬂ*q, one typically first determines
the set

DX, Yo | X)) ={i | (Xi,¥) € Xn, ¥ = Yo} (2.3)

Then the (Farrell) input efficiency of an arbitrary po{®g, yo) may be estimated by

i

- - X

OrpH (X0, Yo) = min  max <_I> ’ (2.4)
ieD(Xy) j=1...p xé

Wherex(", is the jth component ok,. ° The efficient level of input for the unitxo, yo) is
then defined by

X" (Yo) = GrpH (X0, Yo) Xo (2.5)
By construction, we know th@FDH C ¥, and hence

I Xeon (Vo) = IXIXeRP . (X, Vo) € Urpn (Xn). (0X. Vo) & Urpn (X)) V0<0 <1} (2.6)
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is an inward- b|ased estimator &K (yo) andGFDH (X0, Yo) is an upward-biased estimator o
6(Xo, Yo); 1.6, 9 Xro (Yo) € 8X (Yo) andBrom (Xo, Yo) = 6/(Xo, Yo).2°

2.2. The DEA Estimator

The DEA approach was proposed by Farrell (1957) and operationalized by Charnes
(1978) in terms of linear programming. This approach assumesithatconvex, and
employs convex estimators ®f. The attainable set may be estimated bydbevexhull't
of WepH:

n n
Wpea(Xn) = 106 ) € REMT |y < D vy, x= ) wixi,
i=1 i=1
n

Yn=1Lp=0Vi=1...np (2.7)
i=1

Inthe DEA approach, efficiency corresponding to a given poiityo) is estimated relative
to the boundary ofvpga:

fpea(Xo, Yo) = inf {6 | (6Xo. Yo) € Wpea(Xn)} - (2.8)
As before, the estimate of the efficient level of inputs corresponding to the (pgink) is
given by

%" (Yo) = Ooea(Xo, Yo)Xo- (2.9
Again, by construction, we know thatepy € Wpea € ¥, and so
0Xpea(Yo) = {X|X € RY, (X, Yo) € Upea(Xn), (X, Yo) ¢ Ppea(dn) V0<0 <1}  (2.10)

is an inward-biased estlmatora)i((yo) and@DEA(XO, Yo) is an upward-biased estlmator (o
6 (X0, Yo). Moreoverd (o, Yo) < Bpea(Xo, Yo) < Brom (Xo, Yo) < 1 for (Xo, Yo) € WrpH.

2.3. Properties of FDH DEA Estimators: What Do We Know?

In this section, we briefly summarize the main results obtained to date regarding prop
of the above estimators. Consider a fixed pointy) € RP x R% and let the DGP be definec
by Assumptions Al (or A) through A4. For the DEA estimator we need assumptiof) A
whereas all the properties discussed below for the FDH estimators hold with eithe
or Al'.

2.3.1. What About Consistency?

The first results on consistency of DEA and FDH estimators were obtained only fol
univariate case (one input in the input-oriented case or one output for the output-ori
case).



STATISTICAL INFERENCE IN NONPARAMETRIC FRONTIER MODELS 55

() The univariate case:p=1,q > 1.
Banker (1993) proves weak consistency of the DEA input efficiency estimator for
casej.e.,

oea(X. y) —> O(X, Y). (2.11)

but gives no indication of the rate of convergence.
Korostelev et al. (1995a and 1995b) analyze the convergence of the FDH and
estimators of the production sétitself, and obtain

- = P
ll/|:|3|-|, lI"DEA — W, (212)

Korostelev et al. also provide rates of convergence, which reflectiise of dimensionality
present in many nonparametric statistical techniques. In particular,

dA (@FDH, \I—’) = Op (n_q_il) (213)
and

da (Voea ¥) = Op (n_q_iz) , (2.14)

WheredA(@, W) is the Lebesgue measure of the difference between the two sets. The
of convergence are not very different; unlgds very small, the differences are negligible
Korostelev et al. show that under general conditions, the FDH estimatoioéfficient in
a statistical sense (in terms of mini-max risk) whigins not convex, and the DEA estimato
of W is efficient whenW is convex.

Unfortunately, the curse of dimensionality means thgtig large, the estimators exhibi
very low rates of convergence, and the applied researcher will need a large quantity c
to get sensible estimatese., to avoid large variances and very wide confidence inter
estimates. In parametric estimation, the typical rate of convergencé&?s (2.13) indicates
that @FDH will have a worse rate of convergencegif> 1, while @DEA will have a worse
rate of convergence iff > 2. As the number of outputs is increased, the number
observations must increase at an exponential rate to maintain a given mean-squar
with the nonparametric estimators wt'2

The curse of dimensionality results from the fact as a given setafservations are
projected in an increasing number of orthogonal directions, the Euclidean distanc
tween the observations necessarily must increase. For a given sample size, as the |
of dimensions is increased, there will be increasingly fewer observations that suppo
nonparametric estimato®rpy and Upea. Parametric estimators suffer little from thi
phenomenon, as the parametric structure incorporates information from all of the ob:s
tions, regardless of the dimensionality\f This also explains why parametric estimato
are usually (but not always) more efficient in a statistical sense than their nonparan
counterparts—the parametric estimators use more information from the data, assum
course, that the parametric assumptions that are made are correct. This is frequent!
assumptiort?
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(i) The multivariate case: p,q > 1.

The case where efficiencies are measured radially in a multivariate framework is |
more complicated, but recent papers establish some analytic results. Kneip et al. (
analyze the DEA case and obtain

Boea(xo. Yo) — (%, Yo) = Op (™ 771 ), (2.15)
while Park et al. (1999) derive similar results for the FDH estimator:
Bron (%o, Yo) — 61X, Yo) = Op (n ™77 ). (2.16)

These results again reflect the curse of dimensionality, which is worse for the multive
case since the convergence rates are affectgrHby rather than merely by as in (2.13)—
(2.14).

Note also from those results that the rates of convergence for the FDH estimatol
smaller than those obtained for the DEA case.Wlis in fact nonconvex, then there i
no choice—one must use the FDH estimator, as the DEA estimator will be inconsic
However, itV is convex, the DEA estimator is preferred over the FDH estimator since
DEA estimator offers a faster rate of convergence.

2.3.2.  What About Sampling Distributions?

Consistency is an essential property for any estimator. Indeed, it would be rather n
ingless to use an estimator that does not satisfy consistency, since even with an i
amount of data, an inconsistent estimator cannot be expected to give an accurate e:
of the quantity of interest Consistency is, however, a minimal theoretical property; frc
the preceding discussion, we know that DEA or FDH efficiency estimators converge &
sample size increases (although at perhaps a slow rate), but by themselves, these
have little practical use other than to confirm that the DEA or FDH estimators are pos
reasonable to use for efficiency estimation.

For applied research, more is needed—in particular, the applied researcher mus
some knowledge of the sampling distributions in order to make inferences about the
levels of efficiency or inefficiency. In the case of DEA estimators, analytic results
sampling distributions have been obtained only in the univariate situation; but for |
estimators, fully general asymptotic results have recently become avaitable.

(i) DEAcase:p=q=1
Gijbels et al. (1999) obtain the asymptotic result

OoEn(X. Y) — (X, y) X F(-, ) (2.17)

whereF is a regular distribution function known up to some unknown constants. Tt
constants depend on the the D@ERnd are related to the curvature of the frontier, and t
value of f (x, y) at the true frontier point. Precise details are summarized in Theorem
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the next section, with additional discussion given in Gijtedlal., including tabulation of
values forF (-, -)).

(i) FDH case: p,q>1
For the general multivariate case, Park et al. (1999) derive the following result:

asy

Orpn (X, Y) — 0(X, y) ~ Weibull(-, ) (2.18)

where again, the limiting Weibull depends on some unknown parameters depending
DGPP (here, the slope of the frontier and the valuef@k, y) near the frontier).

More details are given in the next section, but it is worthwhile at this point to men
that these results are potentially very useful. For instance, (2.17) and (2.18) allov
to compute the asymptotic value &(Opea(X, y)) for the case whergg = q = 1 or
E (@rpn (X, y)) for the general case whemrg g > 1. This provides a way to estimats
and perhaps correct the bias of the estimafigga(x, y) andfrpn (X, ¥). The asymptotic
variance VAF{§(X, y)) can also be computed, and providing an indication of the samp
variability of the estimators. Finally, asymptotic confidence interval®far y) may be
estimated using the results in (2.17)—(2.18).

Unfortunately, however, (2.17) and (2.18) give only asymptotic results; approximat
based on these results will only be reasonable for largand the curse of dimensionality
is still a plague. Moreover, these results depend on unknown quantities which mu
estimated, and this necessarily introduces additional noise into approximations of san
distributions based on (2.17)—(2.18). Finite-sample properties of the approximations
been investigated via Monte-Carlo simulations in Gijbels et al. (1999) and Park et al. (1

2.3.3. An Alternative: The Bootstrap

The above results are important: we know the FDH and DEA estimators are consistel
we have asymptotic sampling distributions. The drawbacks, however, are also impo
(i) we haveonly asymptotic results, which may be misleading when used in conjunctiony
small samples; (i) additional noise is introduced wkstimate®f the unknown parameters
of the limiting distributions are used in constructing estimates of confidence intervals
(iii) in the DEA case, we have only the univariate result, whereas most applications c
DEA estimator have involved multivariate frameworks.

Asin other situations where analytic results are not comforting, the bootstrap (Efron, ]
1982) might offer an attractive alternative for making inferences. Simar and Wilson (19
propose an algorithm to implement the bootstrap in the context of frontier estima
The algorithm provides an approximation of the sampling distributioApgh(x, y) —
0(x,y) in the multivariate case wherp,q > 1; in principle, it is straightforward to
extend the algorithm to approximate sampling distributions of FDH estimators. Once
approximations are obtained, confidence intervalsofor, y) or testing procedures car
easily be implemented.

In a later section, the basic ideas behind bootstrapping in frontier models will be ¢
marized. Note, however, as discussed below, that due to the frontier nature of the prc
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implementation of the bootstrap requires some modifications of typical bootstrap me
to avoidinconsistencyproblems.

3. More about Asymptotic Sampling Distributions
3.1. The DEA Estimatorp =q = 1):

With only one input and one output, under assumptior, &fe frontier can be describec
by a monotone, concave production functipe- g(x). We will proceed with a discussior
of results for the output-oriented case, but similar remarks for the input-oriented cas
be made after straightforward changes in the notation below.

The Farrell output efficiency measure corresponding to a fixed [gginto) € Ri is
defined by

A(Xo, Yo) = SUP{A | (Xo, AYo) € W}, (3.1)
where
U={x,y| Xy =0 ={x1yly=<agx]). (3.2)

The DEA estimators fog(xg) andA(Xo, Yo) are given by

§(X0) = Suply | (%o, ) € Wpea) (3.3)
and
(X0, Yo) = 9x0) , (3.4)
Yo

respectively. Kneip et al. (1998) establistiisy) —> g(xo) at the raten~2/3, which is
faster than the usual parametric rateot/?; In Gijbels et al. (1999), the frontier functior
g is assumed to be twice continuously differentiablex@adndg”’(xo) < 0. The density
function f is also assumed to be bounded away from zero and continuous in a neighbo
of the frontier. These assumptions yield

THEOREM1 With the above assumptions, for alkzO,

Pr {n?3(03/02)*[G(%0) — 9(%0)] < Z} = /0 ¢(u,2)du+ o(1), (3.5)

where
9. 2) = (1/2(-2)**(1+ u*) exp{—(1/6) (=¥ +u™H?},
bo f (X0, 9(X0)),
by —09"(X0)/2.
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The leading term in the right-hand side of (3.5) is known. The asymptotic bias
standard deviation @(xp) can also be easily derived:

asymp. bias of(xo) = —n~%3(h,/b3)Y3¢,, (3.6)
and

asymp. std. deviation af(xo) = n~%/3(by/b3)3c,, (3.7)
where

CL= /OOO/OOOqJ(u, —z)dudz~ 0.99360
and

o0 o0
c = 2/0 /O zp(u, —z)dudz— ¢ ~ (0.5575%°.

The expressions in (3.6) and (3.7) illustrate the role of the samplenseewell as that
of the characteristics of the DGP described by the unknown condiar@sd by, which
characterize the curvature of the frontier and the magnitude of the density at the frc
point (Xo, g(Xo)). In particular, it appears that the bias is much more important than
standard deviation in determining mean square error.

For practical purposes, the parametgrandb, must be estimated from the data. Consi
tent nonparametric estimators of these are provided in Gijbels et al. (1999). The esti
of by and b, can then be used to construct a bias-corrected estimator of the frontie
to estimate asymptotic confidence intervals §gxy) using the percentiles of the right
hand side of (3.5). Finite sample properties of the bias-corrected estimaggxpfare
investigated in Gijbels et al. (1999). Even for moderate sample sizes) e=g100, the
bias-corrected estimator and the coverage probabilities of the estimated confidence in
behave reasonably well.

Of course, the above results can also be translated into terms of the efficiency esti
X(xo, Vo) by a simple transformation of variables using (3.4), wheres fixed.

3.2. FDH Estimatorp, g > 1:

Maintaining the output-orientation and considering once again a fixed pgint), Park et
al. (1999) obtain the following theorem, which is written in terms of Farrell output-efficiel
scores:

THEOREM 2 Under the assumptions A1-A4,

(X0, Yo) — A(Xo, Yo) ~ Weibullnu P, p + q). (3.8)

The constanu appearing in the limiting Weibull depends on the DBP It can be inter-
preted as follows:

P(X < Xo, i > Y§(X0) — z¥) = (u2)P9 4 O(zPTH), (3.9)
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whereyg (Xo) = A(Xo, Yo)Yo andz = o(1). In other wordsyu is proportional, for small

z, to the (p + g)th root of the probability of observing a firm dominating the poi

(X0, (A(X0, Yo) — 2)Yo), Which is a point near the frontier aboye), yp). Thereforeu will

be larger (smaller) iff (x, y) provides more (less) mass in a neighborhood of the fronti
The asymptotic bias and standard deviation 0f, Vo) are given by:

asymp. bias of.(xo, o) = —n~YP+D 71y, (3.10)
and
asymp. std. deviation 6f(xo, yo) = n~Y 9,71 (3, — yf)l/z, (3.11)

wherey; =T (%) for j = 1,2. Again, (3.10) and (3.11) illustrate the roles of tr
sample sizen and of the parametgr. The bias remains more important than stande
deviation in determining mean square error (and still more go4ifq is large).

In applied work, the parametarmust be estimated. Park et al. (1999) propose a nonp:
metric, consistent estimator pf This allows one to construct asymptotic, bias-correct
estimators of the efficiency measuxéxg, o), and to estimate confidence intervals fc
A(Xo, Yo) using percentiles of the Weibull distribution.

Finite-sample properties of these estimators are analyzed in Park et al. (1999). For
values ofp+q (e.g., 2 or 3), they behave rather well with= 100 or 200, but performance
deteriorates ap+ g increases due to the still-present curse of dimensionality. For exan
with p+ g = 5, at least 500 observations are needed to get meaningful estimates.

4. More on the Bootstrap

The bootstrap is an attractive alternative to the theoretical results discussed in the pr:
section. For the multivariate DEA case, at least so far, the bootstrap seems to off
only approach for estimating the sampling variation of efficiency estimators. The ess
of the bootstrap idea (Efron, 1979, 1982; Efron and Tibshirani, 1993) is to approximat
sampling distributions of interest by simulating, or mimicking, the DGP. The first ust
the bootstrap in frontier models dates to Simar (1992). Its development for nonparan
envelopment estimators was introduced by Simar and Wilson (1998a).

4.1. General Principles
We will make the presentation in the input-oriented efficiency measure in order to us

notation introduced earlier in sections 1 and 2. We also focus on the DEA estime
adaptation for output measures or for FDH estimators is straightforward.

4.1.1. The Basic Ildea

The original dataY, are generated fror®, where

P =PW, f(x,y). (4.1)
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Let ﬁ(?(n) be a consistent estimator of the DGP
Py =P (9, fix,y). (4.2)

In thetrue world, P, W andé (o, Yo) are unknown, but we observe the datawhich are
used to construct corresponding estimdl’e@ anngEA(xo, Yo)-

Now consider a virtual, simulated world we call theotstrap world A new dataset
XX ={(x", y"), i =1,...,n} can be drawn frorP. Within the bootstrap worldV is the
true attainable set, and the union of the free disposal and the convex hajfs gives an
estimator of¥, namely

n n
UHA) = 1Y) €RPTY |y < ¥ py xz= ) onx

i=1 i=1
n
Zy,:l; y>0vVi=1...,n¢. (4.3)
i=1

For a fixed pointxo, Yo) € R? x R,

Bea(X0, Yo) = Inf{O | (6o, Yo) € U} (4.4)

gives an estimator /EEDEA(XO, Vo), Which is the true efficiency in the bootstrap world (bt
not the true world) 85c4(Xo, Yo) may be computed by solving the linear program

n
O5eaX0, Yo) =Min{0 >0 | Yo< ) n¥:0% =Y nX:

n
i=1 i=1

n

Y v=Ln=0vi=1..ng (4.5)

i=1

which is analogous to how one computes the origjnal estié&t@{xe, Yo) in the true world.

Thekey relationhere is thatvithin the true world, pea(Xo, Yo) is an estimator af (Xg, Vo),
based on the samphé, generated fronP; whereasn the bootstrap world?SEA(xo, Vo) is
an estimator ofipea(Xo, Yo), based on the pseudo-samglé generated fromP (X;). If the
bootstrap ixonsistentthen

0X

(Gsea(%0, Y0) — BoEa(X0, Y0)) | P(Xn) X% (Boea(Xo, Yo) — 0(%0, Y0)) | P, (4.6)

which is merely an application of the analogy principle (e.g., see Manski (1988)). Wi
the bootstrap world and conditional on the observed datathe sampling distribution
of §5EA(XO, Yo) is (in principle) completely known sincB(X,) is known. However, in
practice, it is impossible to compute this analytically. Hence Monte-Carlo simulations
necessary to approximate the left-hand side of (4.6).

Using P(X,) to generateB samplesiy, of sizen, b = 1,..., B, and applying the
original estimator to these pseudo samples, yields a &pseudo estimatég, ,(Xo, Yo),
b=1,..., B. The empirical distribution of these bootstrap values gives a Monte C
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approximation of the sampling distribution @;EA(XO, Yo), conditional on]lD\(Xn), i.e, the
left-hand side of (4.6). The quality of the approximation relies in part on the valBe bf
the law of large numbers, whdéh— oo, the error of this approximation due to the bootstr:
resamplingite., drawing fromP) tends to zero. The practical choice®is limited by the
speed of one’s computer; for confidence intervals, values of 2000 or more may be n
to give a reasonable approximatitfiin addition, the bootstrap is an asymptotic procedu
as indicated by the conditioning on the left-hand-side of (4.6). Thus the quality of
bootstrap approximation depends on both the number of replicai@amsl and the sample
sizen. The approximation becomes exactis> oo andn — oo.

4.1.2. Bootstrap Confidence Intervals

The procedure described in Simar and Wilson (1998a) for constructing the confid
intervals depends on using bootstrap estimates of bias to correct for the bias of the
estimators; in addition, the procedure described there requires using these bias est
to shift obtained bootstrap distribution appropriately. Use of bias estimates introd
additional noise into the procedure. In Simar and Wilson (1999c), we proposed the imp
procedure outlined below which automatically corrects for bias without explicit use
noisy bias estimator. R

If we knew the distribution o(@DEA(xo, Yo) — 0 (Xo, yo)), then it would be trivial to find
valuesa, andb, such that

Pr(—by < BoeaX0, Yo) — 6(X0, Yo) < —8,) = 1 —a. (4.7)
Of course,a, ang b, are unknown, but from the empirical bvotstrap distribution of t|
pseudo estimatét:,,, b=1,..., B, we can find valueg, andb, such that

Pr(—DB. < BeaXo. Yo) — Bpea(X0. Yo) < 8 | P(Xn)) = 1 -« (4.8)
Findinga, andﬁx involvessortingthevalue(§5EAb(x0, Yo) — ?DEA(XO, yo)) ,b=1...,B

in increasing order and then deleti x 100)-percent of the elements at either end of tt
sorted list. Then setb, and—3a, equal to the endpoints of the truncated, sorted array, w
8, <b,.

The bootstrap approximation of (4.7) is then

Pr(—by < Bbea(Xo. Yo) — 0(Xo. Yo) < —8) ~ 1 —a. (4.9)
The estimatedl — «)-percent confidence interval is then
OpEA(X0, Yo) + 8 < 6(X0, Yo) < Bpea(Xo, Yo) + . (4.10)

This procedure can be used for amy, yo) € R?™ for which fpea(Xo. Yo) exists. Typ-
ically, the applied researcher is interested in the efficiency scores of the observed
themselves; in this case, the above procedure can be repeéiteds, with (X, Yo) =
X, ¥i), i =1,...,n, producing a set afl confidence intervals of the form (4.10), one fc
each firm.
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4.1.3. Bootstrap bias corrections

We showed above that the DEA (and FDH) estimators are biased by construction
definition,

BIAS (Gpea(Xo, Y0)) = E (Bpea(Xo, Y0)) — 6(Xo, o). (4.11)

The bootstrap bias estimate for the original estimé}@;&(xo, Yo) is the empirical analog
of (4.11):

B
BIASE (fbea(Xo, Y0)) = B~ Bean(Xo. Yo) — OoealXo. Yo)- (4.12)
b=1

It is tempting to construct a bias-corrected estimatar(@f, yo) by computing

o~
=

Ooea(Xo, Yo) = Opea(Xo, Yo) — BIASE (§DEA(XO, ¥o0))

B
= 20pea(X0. Yo) — B™1 Y O3ean(Xo. Yo)- (4.13)
b=1
Itis well known (e.g., see Efron and Tibshirani (1993)), however, that this bias correc

introduces additional noise; the mean-square errépef(Xo. Vo) may be greater than the
mean-square error 8hea(Xo, Yo)- The variance of the summation term on the right-ha
side of (4.13) can be made arbitrarily small by increasthgYet, even ifB — oo, the

bias-corrected estimat&DEA(xo, Vo) Will have variance equal to four times that of th
original, uncorrected estimatcﬁDEA(xo, Vo), (again illustrating the fact that the bootstra
is an asymptotic procedure). The sample variance of the bootstrap @gg,hgjs(xo, Yo)
gives an estimat&? of the variance oﬁDEA(XO, Yo):

B B 2
c?=B"1Y" [esEAb(xO, ¥o) = B Opeap(Xo, y@} : (4.14)
b=1 b=1

Hence the bias-correction should not be used unless

~ 1, — -
5% < 3 [BIASE (foealXo, Y0))]° - (4.15)

4.2. Is The Bootstrap Consistent?

The crucial remaining question is how to generate pseudo samfjléom P such that
(4.6) holds. From (1.11) we have

P =P, fx,y) =P, flwny) =P, {6 ny) (4.16)

whereU is a consistent estimator gf.
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Variants of the so-calledhaive bootstrapeither (i) use the empirical distribution of
{X,v),1 =1,...,n} to estimatef (x, y); or (ii) alternatively, the empirical distribu-
tion of {(®:, n;, i), i =1,...,n})is used to estimatéd (¢, n, y). In the first variation,
pseudo samplef(x", y), i = 1,...,n} are drawn from the empirical densitf/(x, y)
to obtain 7. In the second varlatlon{(eI 0¥, 1 = 1,...,n} is drawn from the
empirical denS|tyf 0,1, y), and the pseudo observatiofts, n;", y*) expressed in cylin-
drical coordinates are translated back to Cartesian coorditteg*), to obtaint;; (see
Remark 2).

The problem with the naive bootstrap is thadth variations involve using empirical
distributions to estimate distribution functions with bounded, unknown suppobt dhis
well-known that bootstrapping in such a context may lead to serious problems (Efror
Tibshirani, 1993, and many others), although this point has been ignored by some
efficiency estimation literature.

As shown below, the naive bootstrap is inconsistent regardless of which variation is
in other words, with the naive bootstrap,

(0" (%0, Yo) — B0, Yo)) | P(n) L™ (B(x0. Yo) — 6(Xo. 0)) | P (4.17)

Consequently, the naive bootstrap is useless since it generates the left-hand side of
which does not approximate the desired distribution appearing on the right-hand si
(4.17). In the next section, we propose two approaches to solve this problem.

4.3. A Smooth (Not Naive) Bootstrap

Two approaches have been proposed to avoid the inconsistency of the naive boo
Analogous with parametric regression problems where one sometimes bootstraps |
“residuals,” here we can bootstrap on the radial inefficiencies; this approach is the
mogeneous case proposed by Simar and Wilson (1998a). The approach is basec
homogeneity assumption for the structure of inefficiency:

f@1ny = 1. (4.18)

The second approachis the heterogeneous case proposed by Simar and Wilson (2000
relaxes the assumption in (4.18). In the heterogeneous approach, there are no rest
on f (0 | n,y). Thus, the second approach allows for possible heterogeneity in the stru
of inefficiency.

4.3.1. The Homogeneous Bootstrap

By bootstrapping on the estimated inefficiendes, yi) corresponding to each observatio
in X, we are bootstrapping on the radial distances from €acly;), i = =1...,nto the
frontier ofLIJ(Xn) This step provide8™ which, together with(x;, y;) and\IJ(Xn) allows
computation of(x*, y;). The pseudo sample is then defined By = {(x", yi) | i =
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1,...,n}, where

o X _ 60w
(I 91* - 0*

X (4.19)

In the homogeneous case, it seems natural to estif¥@te »,y) = f(0) from the set
0, Yi) i =1,...,n}. Thisyields a density estimate(®), and the bootstrapped radia
distanceg6",i = 1, ..., n) are then drawn fronf (). R

The crucial aspect of the procedure revolves around how the density estittgtes
defined. The naive bootstrap proposed by Ferrier and Hirschberg (1997) estingates
via the empirical density function, placing a mass ht each observed; (i.e., Ferrier
and Hirschberg resampf by drawing independently, with replacement, frofn | i =
1,...,n}). As discussed in Simar and Wilson (1999a, 1999b), this naive bootstre
inconsistent.

The problem in the naive bootstrap results from the discreteness of the empirical p
bility density function o@(xi , Vi), combined with the fact that at least one (and frequen
many) of thed (i, yi) is necessarily equal to 1. Thus, in the bootstrap pseudo sakjjple
for any particular bootstrap replication, we have foranmy1,...,n

Prof =1 X)) >1—-(1-n"hH" >0, (4.20)
with equality holding only if only one of thé(xi , ¥i) equals unity. Lettingn — oo reveals
lim Prgf =11 X) =1~ e 1~ 0632 (4.21)

Note that this result does not depend on the DGP generating(igy;). Even if one
allows a probability mass along the frontier, the naive bootstrap would still be inconsis
even if this mass was 4 e~. Under our assumptions, @ = 1) = 0, which is far from
the value in (4.21).

Similar reasoning suggests that wiphinputs andq outputs, regardless of the DGP, th
probability that the efficiency score estimated from the bootstrap pseudo sathfbe a
point (X, Yo) equals the efficiency score estimated from the original sample for the s
point is given by

PI(&* (X0, Yo) = 0(X0. Yo) | ) = (1— 1 —n"H")"" > 0, (4.22)
Again, lettingn — oo reveals

liMn_ o0 P1@* (X0, Yo) = 0(Xo, Yo) | Xp) > (1-e?) PH9 ~ 0.632019, (4.23)
However, under our assumptiong®r= 1) = 0, and hence

PI(6 (X0, Yo) = 6/(Xo, Yo)) = 0. (4.24)

Therefore the naive bootstrap remains inconsistent in higher dimensions. Ev
Pr0(xo, Yo) = 6(Xo0, Yo)) > 0O, the naive bootstrap would still be inconsistent in ge
eral because there is not reason to assume that the implied probability mass is the
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as implied by (4.23). One might suspect that for large valuep ¢fq, the term on the
right-hand-side of (4.23) will be reasonably close to zero, and hence the naive boo
might give reasonable results. Unfortunately, this is not the case; see Simar and V
(1999a, 1999b) for discussion. Moreover, (4.23) shows that these are not problems
nite samples. The naive bootstrap does not mimic the desired distribution, and so (-
violated.

One solution to these problems is to draivfrom a smooth, consistent, nonparametr
estimator of f (9), taking account of the boundary conditions {06 < 1). An easy-
to-implement algorithm for consistently generating the bootstrap vajué®m a kernel
density estimate is given in Simar and Wilson (1998a). The bandwidth parameter n
for the kernel density estimator can be chosen via cross-validation techniques as in
and Wilson (2000, 1998b, 1999c).

4.3.2. The Heterogeneous Bootstrap

Bootstrapping on the pails;, yi) € A, generategx’, y*) from a consistent estimator o
f (X, y). The naive bootstrap involves estimating the distributiotxofy) by the empirical

distribution of the observed sampfg,. In other words, the naive bootstrap resampl
by drawing the input-output pairs;, ;) identically, with replacement, from the origina
pairs in X, to obtain X} = {x*,y") | i = 1,...,n}. This again yields inconsisten
bootstrap approximations, for reasons similar to those in the homogeneous naive boo
In particular, for a particular replication, the present variation of the naive bootstrap yi

- - p+q n
Pr (6% (X0, Yo) = 0(Xo, Yo)) = Z < P _:_ q) (-1 < J—) > 0. (4.25)

=0

This is the probability that the bootstrap samjpcontains the dominating facet 0k, yo)

in the original sampléx,,. This is also the probability that (xo, Yo) = (X, Yo) On a given
bootstrap replication. Since this probability is nonzero, fixed, and does not deper
the DGPP, the resulting bootstrap estimate of the sampling distribution of the origi
estimatom (xo, Vo) Will have a probability mass at a point. The problem does not disapy
in large samples since

nIimOO Pr(@*(xo, Yo) = 8(Xo, ¥o) = (L—e™) P . 0. (4.26)

Hence, even witln = oo, the bootstrap estimate of the sampling distribution of the or
inal estimatom (xo, Yo) Will have a probability mass at a point. Since this mass depe
exclusively on the dimension of the input/output spaee; q, rather than any feature of
the true DGP, the heterogeneous naive bootstrap cannot be consistent.

As in the homogeneous case, the solution to this problem is (at least conceptually) si
draw iid bootstrap sample¥; = {(x*,y7) | i = 1,...,n} from a smooth, consistent
estimatorf (x, y) of the joint density of(x, y) on W. For practical purposes, it is easie
to draw (67, nf", yi*) from a smooth, consistent estimator 6t6, 1, y); usmg\D these
points expressed in cylindrical coordinates can then be translated to Cartesian coorc
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to obtain the desired bootstrap pseudo samyjje= {(x*,yf) | i = 1,...,n}. The
complete algorithm is provided in Simar and Wilson (2000).

5. Yet Another Bad Bootstrap Idea

While we have addressed the problems inherent in the naive bootstrap elsewhere, a
in the previous section, another unfortunately bad idea has recently appeartbdreln”
and Tambour (1996, 1997) anathgren (1997, 1998) employ a peculiar variant of t
homogeneous naive bootstrap described above in section (4.3.1). In their method, bo
valuesg;* are drawn from the empirical distribution of the original efficiency estimates
as in the ordinary homogeneous naive bootstrap. For the input-orientation, pseudo d:
constructed by computing® = X; 0(xi, Yyi)/67 and settingy” = y; foreachi =1,...,n
to obtain a pseudo sample;’.

Computmg@ (Xo, Yo) from (4.5) would yield the ordinary homogeneous naive bootst
results described in section (4.3.1)thgren and Tambour deviate from the more ordine
naive bootstrap at this point, however, by computing

n n
05 =6"0G, ¥) =mini16 >0 | Y5 <Y ny0% =) nx:

i=1 i=1

n
Y n=Ln=0vi=1...n (5.1)
i=1

wherey; = yo andxj = xoeo/e* whereg* is a random drawn from the empirical densit
function placing a mass/h at each observe) (as in the naive bootstrap method). The
then repeat the proceduBetimes, drawing a new pseudo samgig¢ and solving (5.1) for
each of theB replications, yielding a se{@o pl b=1...,B}L

Note that on each of thB bootstrap repllcatlons thedthgren-Tambour (LT) method
replace®xo on the left-hand side of the second constraintin (4.5) e Consequently,
the LT bootstrap involves measuring the distaffoen a different, random(as opposed to
fixed) point to the boundary @*(X;) on each replicationof the bootstrap Monte Carlo
exercise. It seems entirely unclear what this procedure estimates. Certainly, it doe
estimate anything of interest: the resulting{%ﬁb |b=1,..., B} has nothing to do with
the original, unknowmy = 6 (X, Yo); at best, it provides an approximation bf6) itself,
as does the empirical density of the To be more explicitgo may or may not belong to a
95% probability interval constructed from the 9@5 b=1,...,BevenwhemB - oc:
it depends on where the point of interésg, yo) is in Iocated

Moreover, in the Monte Carlo experimentsthgren and Tambour provide, the prese
tation is misleading and incorrect. In their experiments, on each bootstrap replice
they compute the efficiency scores points which differ with each bootstrap replicBtyor
construction the true value$ (Xg, Yo) in their experiments will lie within the 95 percen
confidence intervals they estimate in roughly 95 percent of their Monte Carlo trials. F
ever, the 95 percent confidence intervals they estimate are, fotxanyo) = (X, Vi),
roughly equivalent to the 2.5th and 97.5th percentiles of their approximatiéfo So,
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averaging oven firms and over theM Monte Carlo experiments will provide estimate
of coverage probabilities similar to those reported atHgren (1998) which appear to b
approximately correct (small differences are due to finite values bf andB). But, the
estimated confidence intervals merely reflect the 2.5th and 97.5th percentiles of an aj
imation to f (9), and thus are much wider than the true 95 percent confidence inte
corresponding to the true efficiency for any particular point. Moreoveifyo) is not
chosen to be one of the original sample observations, there is no guarantee that the
sponding true efficiency will ever lie within the confidence intervals estimated via the
bootstrap.

In any estimation problem where inference is to be performed, it is essential to reme
what is known and what is unknown. In the typical DEA or FDH setting, the da#fg,in
are observed and hence must be known. If this were not the case, it would not be pc
to estimate anything. On the other haddand6 (xg, Yo) are unknown, and hence must b
estimated If this were not the casé.e. if ¥ andd(xo, Yo) were known, there would be
nothing to estimate, as the things that are typically of interest would already be knowr
risk la gaucherieby stating the obvious, but we are compelled to do so because some
ignored these points. In efficiency estimation, sidcés unknown, we must rely on an
estimatorof this set, namel@(?(n). Interest lies in the distance from a fixed point, perha
corresponding to one of the original sample observations, to the true frontier. But the
frontier is unobserved; all that is available is a biased, but consistent, estimate of its loc
Estimators are random, and the bootstrap mimics this by determining a new estimate
production frontier on each bootstrap replication. The original data, however, are kn
and it is inconceivable that one should throw away data in any estimation problem-
this is exactly what is done in the LT bootstrap. In other words, the LT method asst
not only that¥ is unknown, but also (implicitly) that the point from which one wishes
measure distance to the frontierwfis unknown. This is absurd.

Our reasoning in this section is confirmed by Monte Carlo experiments discussed |
next section.

6. Some Monte Carlo Evidence
6.1. The Experimental Framework

We conducted a series of Monte Carlo experiments to measure the performance
bootstrap under both constant returns to scale (CRS) and variable returns to scale (
Each Monte Carlo experiment involvdd = 1000 trials; in each trial, we simulatec
data from a true, known model, estimated Shephard input distance functions, anc
bootstrapped to estimate confidence intervals. In each application of the bootstrap, !
the number of bootstrap replicatioBs= 2000.

To examine the performance of the smooth, Simar-Wilson (SW) bootstrap, on each N
Carlo trial we estimated efficiency for a fixed poim, Yo), not necessarily contained in the
data. We then bootstrapped to obtain confidence intervals for the corresponding effic
of the point(xo, Yo). Since the true model is known within this experimental framewo
the true efficiency corresponding to the fixed pdixy, yo) is also known. For confidence
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intervals of a given nominal size, we counted the number of trials in which the estim
confidence intervals included the true efficiency score. We then divided this cour
M = 1000 to obtain Monte Carlo estimates of the coverage probabilities of our estim
confidence intervals. Hence, for example, at nominal size equal to .05, the estir
confidence intervals should include the true efficiency score in roughly 95 percent c
Monte Carlo trials.

To examine the behavior of theottigrer Tambour (LT) bootstrap discussed earlier |
section 5, we used a slightly different protocol to remain consistent with the presentati
the various papers bydtfigren and Tambour. In experiments with the LT bootstrap, we
the same true models and the same mechanisms to simulate data as in our experimel
the SW bootstrap. However, instead of considering a single painyo), we apply the LT
bootstrap to each of thesample observations simulated for a particular Monte Carlo tr
Coverage probabilities for the LT bootstrap are then estimated as described before, bt
the LT bootstrap we average acressample observations as well as orMonte Carlo
trials ’

In order to minimize computational costs, we consider only production of a single ot
from a single input so that in terms of our earlier notatiprs g = 1. In all cases, we use
the homogeneous bootstrap described in section 4.3.1 since we generate the data ul
homogeneity condition described by (4.18).

For the case of CRS, we employed thee model

y = xe VI, (6.1)

wherev € N(0, 1) andx € Uniform(1,9) Draws from the uniform distribution were sim:
ulated using a multiplicative congruential pseudo random number generator with mo
231 _ 1 and multiplier ? (see Lewiset al. (1969)). Pseudo random normal deviates we
generated via the Box-Muller method (see Pretsal. (1986, pp. 202—-203)). In all of our
experiments where the true model is given by (6.1), the fixed pointissgtab, yo = 20n
each Monte Carlo trial. Given the true model in (6.1),tilue input technical efficiency for
this point, measured in terms of the Shephard input distance function (which is the recig
of the Farrell input measure of efficiency), is necessaridy 1/6 = Xo/Yo = 2.5.

To consider cases involving variable returns to scale (VRS), we employed

y=(x—2%%M (6.2)

as the true model, where ~ N(O, 1). Data for experiments where (6.2) was used
the true model were simulated by drawing output valyes- Uniform(0.5, 1.5), and
then settingc = y¥/2ell 4 2 after inverting (6.2) to obtain values for the inptfts=or
these experiments, we chogg¢ = 7.5, yo = 1.25 as our fixed point in all Monte Carlo
trials, so that therue efficiency measured by the Shephard input distance functiot
5 =1/0 = xo/(Yo* + 2) = 2.207.

In all cases, confidence intervals are constructed here as described in section 4.1.2,
not rely on the bias correction employed in Simar and Wilson (1998a). In our experir
where the true model exhibits CRS, we chose the bandwidth used in the kernel de
estimator via the normal reference rule, which sets the bandwiethl.065n~/>, where
o isthe square root of the estimated variance of the reflected efficiency scores from the
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estimation We use the normal reference rule here sincepitiy = 1 and constant returns
to scale, the (reflected about 1) estimated efficiency scores appear approximately r
in most cases; use of the normal reference rule, as opposed to cross-validation, re
computational costs. In the experiments where the true model exhibits VRS, bandw
for the kernel density estimator were chosen via weighted least-squares cross-valida
described in Simar and Wilson (19988).

In examining the VRS cases, we use the estimators defined above in section 2. Fol
where the true technology exhibits CRS, we replE@gA(Xn) with the conical hull of
®rpn (X), obtained by dropping the constralit’_, i = 1 in (2.7).

6.2. Results for the SW Bootstrap

Results on coverage levels for the SW and LT bootstraps are given in Table 1; we di
results for the SW bootstrap first. The first column of Table 1 gives the sample size in
of our Monte Carlo experiments. The second column gives 1 minus the nominal size
confidence intervals. The third and fourth columns give the coverages for the SW boo
estimated from our Monte Carlo experiment as described above, for both the CRS anc
cases.

The results indicate that for small sample sizes, the coverage of the confidence int
estimated by the SW bootstrap is too small, but only slightly so, even with only 10 ok
vations. Withn >= 100, the coverage is almost exact; small deviations from the nom
sizes are to be expected due to sampling variation in the Monte Carlo exercises. Rest
the VRS case are rather similar to those for the CRS case, although coverages for th
experiments are very slightly smaller than those obtained under CRS.

To further examine the performance of the SW bootstrap, we give information or
bootstrap estimates of bias and 95 percent confidence intervals in Table 2. For both th
and VRS cases, average bias estimates (column (1)) as well as the average difference k
estimated bias and true bias (column (2)) shown to decrease as sample size inc
Similarly, the width of the estimated 95 percent confidence intervals (column (3)) decre
as sample size increases, becoming quite small (on average}a#00. For the CRS
case, the average width of estimated 95 percent confidence intervals at00 for the
fixed point (5,2) is only 1.87 percent of the value of the true efficiedcy: (2.5) for this
point. Similarly, for the VRS case, the average width of estimated 95 percent confid
intervals atn = 400 for the fixed point (7.5,1.25) is only 2.46 percent of the value of
true efficiency § = 2.207) for this point.

Columns (4) and (5) in Table 2 give the ranges of the lower and upper bounds for estir
95 percent confidence intervals, over ttieMonte Carlo trials in our experiments. Thes
ranges become smaller as sample size increases, consistent with our previous stat
Note that withn = 10, the estimated confidence intervals are highly variable, especially
the VRS case. In fact, under VRS, the upper and lower bounds of the estimated confi
intervals are sometimes less than unity, indicating that the fixed point (7.5,1.25) lies ¢
Upea(Xn) for some Monte Carlo trials. This merely confirms the slow convergence
of the estimators; even with = q = 1, n = 10 is a very small sample size, perhaps tv
small to obtain meaningful results in applied studies. Nonetheless, wieincreased
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Table 1.
Monte Carlo Estimates of Confidence
Interval Coverages
One Input, One Output(= 1,9 = 1)
1 — Nominal sSwW LT

n size CRS VRS CRS VRS

10 .80 0.693 0.571 0.711 0.443

10 .90 0.814 0.695 0.782 0.455

10 .95 0.886 0.773 0.783 0.457

10 .975 0.919 0.832 0.783 0.458

10 .99 0.942 0.873 0.783 0.458

25 .80 0.772 0.685 0.786 0.662

25 .90 0.883 0.805 0.878 0.680

25 .95 0.935 0.868 0.905 0.685

25 .975 0.973 0.916 0.915 0.687

25 .99 0.983 0.943 0.915 0.687

50 .80 0.784 0.729 0.793 0.773

50 .90 0.894 0.833 0.893 0.801

50 .95 0.940 0.839 0.939 0.807

50 .975 0.970 0.941 0.953 0.809

50 .99 0.985 0.974 0.959 0.809
100 .80 0.794 0.751 0.796 0.821
100 .90 0.911 0.853 0.896 0.866
100 .95 0.946 0.911 0.946 0.877
100 .975 0.973 0.948 0.970 0.881
100 .99 0.988 0.980 0.979 0.880
200 .80 0.810 0.708 0.798 0.845
200 .90 0.899 0.818 0.897 0.903
200 .95 0.946 0.902 0.947 0.921
200 .975 0.970 0.943 0.972 0.926
200 .99 0.994 0.968 0.985 0.927
400 .80 0.807 0.723 0.798 0.855
400 .90 0.903 0.839 0.898 0.922
400 .95 0.953 0.907 0.948 0.946
400 .975 0.977 0.946 0.973 0.954
400 .99 0.995 0.977 0.988 0.956

from 10 to 25, the average width of the estimated confidence intervals is reduced by a
half, and both the lower and upper bounds of the estimated 95 percent confidence int
exceed unity in every Monte Carlo trial. Thus, in our experiments, with 25, the fixed
point (7.5,1.25) lies below the VRS DEA frontier estimate in every Monte Carlo trial.
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Table 2.
Monte Carlo Estimates of Bias, Confidence Intervals
Smooth (SW) Bootstrap
One Input, One Output(= 1,4 = 1)

n 1) 2 (3) (4) (5)
Constant Returns to Scale:

10 —0.3490 —0.0876 09110 11612 2.5319 14601, 4.8300

25 —0.1906 —0.0754 05859 18824 2.5090 21988 3.6863

50 —0.1054 —0.0453 03512 20257, 2.5041 23093 3.2033
100 —0.0535 —0.0239 01866 22598 2.5016 24419 2.8291
200 —0.0266 —0.0115 00952 24078 2.5008 2484Q 2.6417
400 —0.0129 —0.0054 Q00467 24237, 2.5004 24677, 2.5747
Variable Returns to Scale:

10 —0.2984 00282 0.6075 (B725 2.4143 05506 3.7469

25 -0.1736 —0.0200 0.3742 5515 2.3070 18611, 3.0136

50 —0.1069 —0.0215 0.2373 6978 2.2558 18455 2.7885
100 —0.0642 —0.0107 0.1433 0336 2.2331 20433 2.5570
200 —0.0390 —0.0060 0.0858 0898 2.2231 2161Q 2.3930
400 —0.0241 —0.0043 0.0524 2491 2.2129 21857 2.2966

NOTE: Columns contain the following information:
(1) Average of bootstrap bias estimates oMeMonte Carlo trials;
(2) Average of bootstrap bias estimate minus true bias bvéfonte Carlo trials;
(3) Average width of estimated 95 percent confidence intervalsidvigionte Carlo
trials;
(4) Range of lower limits of estimated 95 percent confidence intervals\b\onte
Carlo trials;
(5) Range of upper limits of estimated 95 percent confidence intervaldbtéonte
Carlo trials.
The true efficiency, measured by the Shephard output distance function, is 2.5 in the
CRS case and 2.207 for the VRS case.

6.3. Results for the LT Bootstrap

The last two columns of Table 1 show the estimated coverages for the LT bootstrap. -
results are roughly similar to estimated coverages obtained with the SW bootstrap shc
the same table and discussed above. Indeed, these results are similar to those repc
Lothgren (1998). These results tell only part of the story, however, and are not incons
with our earlier observations made in section 5.

Table 3 shows information on bias estimates and 95 percent confidence interval esti
obtained with the LT bootstrap, analogous to the information shown in Table 2 for the
bootstrap discussed above. Tdeerageof bias estimates obtained with the LT bootstre
appear comparable to those from the SW bootstrap. However, the variances of th
estimates obtained from the LT bootstrap over khévlonte Carlo trails is quite large; in
numerous cases, the bias estimates have the wrong sign. Moreover, the average wi
the estimated confidence intervals obtained with the LT bootstrap are very large, and (
decrease as sample size increases.
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Table 3.
Monte Carlo Estimates of Bias, Confidence Intervals
LT Bootstrap
One Input, One Output(= 1,9 = 1)
n 1) (2 (3) (4) (5) (6)

Constant Returns to Scale:

10 —-0.1485 01630 59144  —44.9008 46.9008 1000Q 928017 46.9008
25 —-0.0709 00622 90854  —67.2309 718270 1000Q 1374618 69.2309
50 -0.0368 Q0315 79999  —89.9321 1276011 09491 187.0135 94.0068
100 -0.0196 00144 84093 —329001 1821128 09315 1918975 96.4531
200 —-0.0097 Q0077 84106  —20.1716 207.0097 09234 2154471 108.2308
400 —0.0051 00035 83667 —17.66052017171 09205 2127049 106.8705

Variable Returns to Scale:

10 -0.2664 0.4315 2.3865 —69.9353 874752 1000Q 1739504 87.4752
25 -0.1865 0.2371 3.1187 — 984237 107.0897 1000Q 2131749  107.0897
50 -0.1257 0.1315 3.2834 -17332751841700 1000Q 367.3401  184.1700
100 -0.0794 0.0829 3.2592 —3263818 3413882 00319 6817764 341.3882
200 —-0.0478 0.0468 3.0461 —332042Q3533978 —9.9218 7057955 353.3978
400 —-0.0285 0.0286 2.7247 —29521143859263 —7.7177, 7472589 385.9263

NOTE: Columns contain the following information:
(1) Average of bootstrap bias estimates oMeMonte Carlo trials anah observations per trial;
(2) Average of bootstrap bias estimate minus true bias B&fonte Carlo trials anah obser-
vations per trial;
(3) Average width of estimated 95 percent confidence intervals lvitonte Carlo trials and
n observations per trial;
(4) Range of lower limits of estimated 95 percent confidence intervals\d\pnte Carlo trials
andn observations per trial;
(5) Range of upper limits of estimated 95 percent confidence intervaldonte Carlo trials
andn observations per trial;
(6) Maximum distance function estimate owdrMonte Carlo trials and observations per trial
(minimum estimate is necessarily 1.0000 in all cases).
In these experiments, the true efficiency varies over observations as well as over Monte Carlo trials.

Even more revealing, the lower limits of the 95 percent confidence interval estin
obtained from the LT bootstrap range over very large intervals as indicated by colum
of Table 3, and are frequently negative, even though the distance function estimat
(weakly) greater than one in every case. For the VRS case, the same result occl
n = 200 andn = 400, but not for the smaller sample sizes. The upper limits of the
percent confidence interval estimates similarly range over very large intervals as indict
column (5) in Table 3. These ranges include values far larger than the maximum dis
function estimates (given in column (6)) oweobservations ant Monte Carlo trials in
each experiment.

When we look beyond the results reported aithgren (1998), we see that the LT bootstr:
yields results that are nonsense, quite different from results obtained with the SW boot
Confidence interval estimates from the LT bootstrap are extraordinarily wide, and sc
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not surprising that they frequently include the true efficiency score. However, due to
excessive widths, the estimates are not informative.

7. Conclusions

Statistical inference is now possible when using DEA or FDH-type estimators in nony
metric frontier models. Those estimators are consistent under mild, general conditior
the curse of dimensionality means that the obtained estimates should be taken with c
whenever estimates are obtained from moderate sample sizes.

Asymptotic sampling distributions for the efficiency estimators exist, but using tt
for statistical inference introduces additional noise to the presence of unknown paran
which must be estimated. Therefore, bootstrap methods seem to be an attractive alter
Recently developed bootstrap algorithms are simple, but care should be used to avoic
that give inconsistent, useless approximations. The basic bootstrap methodology for
and FDH efficiency estimators has been extended to Malmquist productivity indices
their decompositions (Simar and Wilson, 1999c), and also to testing problems (Sima
Wilson, 1998b). Experimental evidence presented in this paper as well as our other g
indicates that when the sample size is appropriate to the dimensionality of the probler
bootstrapping procedures give sensible, useful results.

Open issues for future research include (i) the search for asymptotic results for the
estimator whemp, g > 1, (ii) reduction of statistical noise in the asymptotic results, a
(iii) comparisons of the performances of the bootstrap and asymptotic theory. A soluti
the first of these is necessary to allow conventional estimation of confidence inteteals
but appears to be a very difficult problem. A quick reading of Gijbels et al. (1999) rev
the complexity of the analysis for the “simple” case where- g = 1, and we can only
expect the required level of complexity to increase for the more general multivariate se
wherep, q > 1.

The asymptotic results that have obtained require estimation of unknown consta
order to use the results for making inferences. Existing estimation techniques that c
impose arbitrary structure on the problem yield noisy estimates, diminishing the usefu
ofthe asymptotic results for making inferences. Finally, comparisons of the performanc
the bootstrap and asymptotic theory in inference-making would provide guidance on v
method to use where either is possible. In a number of situations, bootstrap approxim
are known to yield estimates with lower mean-square error than approximations ba
asymptotic theory, butitremains unknown whether thatis the case in the context of effic
estimation.

We note that so far, we lack a rigorous proof of consistency for the SW bootstrap. E
and Ducharme (1991), Hall (1992), and others have stated general conditions under
bootstrap estimators are consistent, but establishing these conditions for the bootstr:
sion of the DEA estimator is difficult and so far, at least, elusive. Nonetheless, our boot
does not suffer from the obvious sources of inconsistency that doom the various vel
of the naive bootstrap that have been proposed for these problems. Moreover, Monte
experiments we have conducted for this paper as well as others have, in every ins
supported the notion that our bootstrap is consistent. It is straightforward to exten
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bootstrap for DEA estimators to FDH estimators, at least in principle, but we note here
the Qr\oblem of bootstrapping in FDH is different, due to the differences bet@¥gpa
andd Xgpy. Thus, a separate proof is required to confirm consistency of the bootstra
FDH estimators.

While bootstrap methods offer a tractable approach to statistical inference in DEA or
models, alarger, remaining challenge is to find a way for allowing stochastic noise in the
in these models. We know that identification problems may exist if a purely nonpararm
approach is maintained. Kneip and Simar (1996) propose one version of a stochastic
use with panel data, but this approach requires some unpleasant assumptions; in pat
inefficiency must be assumed constant over long time periods, which seems cour
implications of functioning, competitive markets. Apparently, there are ample opportur
for contributions to important problems in frontier estimation by careful researchers.

Notes

1. Standard microeconomic theory texts suggest that with competetitive input and output markets, firms
are either technically or allocatively inefficient will be driven from the market. These same texts, how
make no statements about how long this process might take. Indeed, in the real world, even where mar|
highly competitive, there is no reason to believe that the market will eliminate inefficient firms instantanec
Due to various frictions and imperfections in real markets for both inputs and outputs, the process wt
inefficient firms are eliminated might take many years. Moreover, firms that are initially inefficient in on
more respects may recover and begin to operate efficiently before they are driven from the market. Wh
and Wilson (1995, 2000) provide support for this view through empirical evidence for commercial b
operating in the US.

2. Inthis paper our presentation is primarily in terms of inputs. The same could be done in the output-orier
where the output requirement sets would be defined for all¥ asY (x) = {y € Rﬁ'r | (X,y) € ¥}. Then
the Farrell output measures of efficiency would be defined as

AKX, y) =supr | Ay € Y(X)}.

Shephard input and output distance functions are merely the reciprocals of the corresponding Farrell me
The results discussed below may also be extended to hyperbolic graph efficiency measures which c
simultaneous, proportionate reduction of inputs and expansion of outputs.

3. The “stochastic frontier” approach allows some observed points to be outside the attainable set, but the
parametric restrictions on the shape of the frontier allows identification of the frontier from the sampl
addition, the stochastic frontier approach requires parametric assumptions regarding the distribution
the inefficiency process as well as the noise process to recover estimates of firm-specific inefficiencie:
cross-sectional data. Perhaps even more problematic, estimates of inefficiency from the stochastic
approach are inconsistent when cross sectional data are used, due to the conditioning on individual, col
error terms. This problem is avoided when there is no noise process, as in our statistical model whi
define in the next subsection. With panel data, the stochastic frontier approach gives consistent estirr
inefficiency, but consistency only as the number of time periods approaches infinity. This has the unpls
implication that inefficiency for individual firms remains constant over an infinite time horizon.

4. One can test whether the assumption of constant returns to scale is appropriate; see Simar and Wilson
5. Ifoneiswilling to make parametric assumptions regarding the DGP, then statistical efficiency of the estir

could presumably be enhanced by incorporating this information into the estimation methods. But the
estimation method would be something other than DEA or FDH.

6. The presentation here is based on Kneip et al. (1998).
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14.

15.

16.

17.
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Throughout inequalities involving vectors are defined on an element-by-element basis; &(gx, &RP,

X > x means that some, but perhaps not all or none, of the corresponding elememtsché may be equal
while some (but perhaps not all or none) of the elements wiay be greater than corresponding elemer
of x.

Our characterization of the smoothness condition here is stronger than required; Kneip et al. (1998) 1
only Lipschitz continuity foB (x, y), which is implied by the simpler, but stronger requirement presented h
The point(xo, Yo) might be chosen to correspond to one of the sample observations, or any other po
Rp . However, if any element ofp exceeds the maximum of the corresponding elements of the A},
QFDH (X0, Yo) will not be defined. Also, for purposes of (2.4)/®is defined to equal 1. IXJ = 0 for all
ji=1...,p thene,:DH(xo, Yo) is undefined. ItxJ =0Oforatleastong =1,...,p andx # 0 for the

samej and foralli € D(Xn), then@FDH(xo, Yo) IS undeflned |9FDH(X0, Yo) is undefined, then this means
that points(6xo, Yo) ¢ \I/,:DH (&) forall 6 € [0, oo]. This can occur, for instance, when production require
strictly positive quantities of all inputs.

Recall that the DGP defined by Assumptions (A1)-(A4) does not include a two-sided noise process
feature, together with Assumption A2, determines the direction of the biageé&ef (yo) anddrpH (Xo, Yo)-

In order to simplify the presentation, we describe the varying returns to scale (VRS) version of the
estimator here. As observed in Simar and Wilson (1998b), this is the least restrictive version. A
arguments here can be adapted to any other convex estimabowbfch one might use depending on belief
about returns to scale.

Exact, general statements on the number of observations required to achieve a given level of mean-squ
are not possible since the exact convergence of the nonparametric estimators depends on unknown cc
Nonetheless, it is always true that for estimation purposes, more data are better than fewer data.
case of nonparametric estimators suchlgpy and Wpga, this statement is more than doubly true—it i
exponentially true! To put the problem into economic terms, the law of diminishing marginal product ap
to data used for estimation, but with nonparametric estimators, marginal product decreases at a rate
exponentially slower than is the case for parametric estimation.

To put things yet another way, the points made here go to the heart of the tradeoff between nonpar:
and parametric estimators. Parametric estimators incur the risk of misspecification, which typically r
in inconsistency, but are almost always statistically more efficient than nonparametric estimators if pre
specified. Nonparametric estimators avoid the risk of misspecification, but usually involve more noise
parametric estimators. Lunch is not free.

Recalling our remarks in footnote #3, we do not mean to suggest that it is meaningless to use “sto
frontier” analysis (SFA). If the data contain noise, DEA and FDH estimators will be inconsistent, and |
seems little choice butto rely on SFA, even though the SFA estimates of efficiency will be inconsistent in
sectional applications. Provided the parametric assumptions are made correctly, SFA will at least consi
estimate the frontier, unlike the DEA and FDH frontier estimators in the presence of noise.

Weiner (1998) cleverly noticed that the FDH efficiency estimator in the multivariate case can be cast in
of a univariate problem, making analysis of its properties much easier than in the case of the DEA esti
The ability to translate the multivariate FDH estimator to a univariate setting is due to the structure «
FDH frontier estimator; with the convexity added by the DEA estimator, this ability is lost. Analysis of
DEA estimator is more difficult because one must deal with facets of the estimated frontier which are c
combinations of several observations. Facets off the FDH frontier estimator, however, are always par:
one or more axes iR"".

The issue of computational constraints continues to diminish in importance as computing technology ady
For many problems, however, a single desktop system may be sufficient. Given the independence of
the B replications in the Monte Carlo approximation, the bootstrap algorithm is easily adaptable to pa
computing environments. Those who lack access to parallel supercomputers can efficiently and rathe
pensively mimic a parallel environment by using a series of networked personal computers; the price o
machines continues to decline while processor speeds increase.

In none of their papers that we have seendihgren and Tambour discuss how one would use their bootst
to examine efficiency for an arbitrary poitito, yp) not contained in the data. Indeed, their presentatio
do not admit this possibility, although the logical extension would be to do as we describe in secti
Our experiments with the LT bootstrap, however, are designed to remain consistent withothgreh and
Tambour have written.
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18. We invert (6.2) for purposes of simulating the data to ensure that our samples contain a wide range of
fory.

19. The weighting is necessary to avoid a discretization problem in the cross-validation procedure which |
from numerous efficiency estimates at unity in the variable returns to scale case.
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