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Abstract

This paper discusses various statistics for testing hypotheses regarding returns to scale in the context of non-para-
metric models of technical efficiency. In addition, the paper presents bootstrap estimation procedures which yield
appropriate critical values for the test statistics. Evidence on the true sizes and power of the various proposed tests is
obtained from Monte-Carlo experiments. This paper is an extension of earlier work in [Manage. Sci. 44 (1998) 49; J.

Appl. Statist. 27 (2000b) 779]. © 2002 Elsevier Science B.V. All rights reserved.
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1. Introduction

Non-parametric methods have been widely
used in management science and economics to
estimate the efficiency of production units. * These
methods are based on definitions of technical and
allocative efficiency by Debreu (1951) and Farrell
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(1957). A variety of non-parametric approaches
for efficiency estimation have been proposed; those
which rely on convexity assumptions have been
termed Data Envelopment Analysis (DEA), and
typically rely on linear programming (LP) tech-
niques for solution.

Whether the underlying technology exhibits
increasing, constant, or decreasing returns to scale
is a crucial question in any study of productive
efficiency. Fare and Grosskopf (1985) suggested an
approach for determining local returns to scale in
the estimated frontier which involves comparing
different DEA efficiency estimates obtained under
the alternative assumptions of constant, variable,
or non-increasing returns to scale, but did not
provide a formal statistical test of returns to scale.
Banker (1996) proposed two rather ad hoc, semi-
parametric statistical tests, although we see no
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particular reason why one should expect these tests
to have the correct size. In addition, Banker pro-
posed using a Kolmogorov—Smirnov test to ex-
amine whether DEA efficiency estimates obtained
under alternative assumptions regarding returns to
scale have different distributions. Lothgren and
Tambour (1999) suggest a bootstrap method for
implementing statistical tests based on either ratios
of distance function estimates along the lines of
Fare and Grosskopf (1985) or on estimates of scale
elasticity along the lines of Lothgren and Tambour
(1996). Unfortunately, the bootstrap proposed by
Lothgren and Tambour is seriously flawed, as we
have explained in some detail in Simar and Wilson
(2000a); in particular, their method yields incon-
sistent estimates and is based on a complete mis-
understanding of what is known and what must be
estimated.

We propose a bootstrap procedure for testing
hypotheses regarding returns to scale, avoiding the
ad hoc assumptions of Banker (1996) as well as the
problems in Lothgren and Tambour (1999). In
addition, we provide Monte-Carlo evidence indi-
cating that our procedure yields tests whose sizes
are much closer to the nominal size than Banker’s
tests. The development of a reliable test procedure
for examining returns to scale is important for both
economic and statistical reasons. The question of
whether a technology exhibits constant returns to
scale everywhere typically has important economic
implications — if the technology does not exhibit
constant returns to scale, then some production
units may be found to be either too large or too
small. Some authors have a priori imposed the ra-
ther restrictive assumption of constant returns to
scale while using DEA methods; this may seriously
distort measures of efficiency if the true technology
displays non-constant returns to scale. Indeed, as
we discuss below, this scenario results in statisti-
cally inconsistent estimates of efficiency. Alterna-
tively, if one assumes variable returns to scale when
returns are actually constant everywhere, there may
be a loss of statistical efficiency. Using the methods
we propose below, researchers can first test whether
returns to scale are constant, and then choose the
appropriate estimator to measure efficiency.

DEA methods have frequently been charac-
terized as deterministic in the literature (e.g.,

Lovell, 1993), as if to suggest that non-parametric
models of efficiency have no statistical underpin-
nings. Yet, efficiency is measured relative to an
estimate of the boundary of the underlying frue
production set, conditional on observed data re-
sulting from an underlying (and unknown) data-
generating process (DGP). Banker (1993) was one
of the first to discuss the statistical nature of
DEA estimators. Korostelev et al. (1995), Kneip
et al. (1998), and Gijbels et al. (1999) examined
the statistical properties of DEA estimators. Cu-
riously, papers continue to appear in respectable
journals which ignore the statistical nature of
DEA problems. Simar and Wilson (1998) provide
a bootstrap methodology for estimating confi-
dence intervals for individual production units’
efficiency; this methodology is adapted here to the
problem of testing hypotheses regarding returns
to scale.

In the following section we discuss methods for
measuring returns to scale in the true (but un-
known) technology using distance functions, and
in Section 3 we discuss estimation of these distance
functions. The distinction between these two sec-
tions is important, and continues to be overlooked
in many papers currently circulating. In Section 4
we propose several statistics for statistically testing
hypotheses regarding returns to scale of the tech-
nology, and in Section 5 we show how critical
values for our statistics can be estimated using
bootstrap methods. Monte-Carlo estimates of the
true sizes of our tests at various nominal sizes are
provided in Section 7. Conclusions are discussed in
the final section.

2. Measuring returns to scale

To establish notation and define the things we
wish to test, let x € R’ denote a vector of p inputs
and y € R denote a vector of g outputs. Define
the production set

2 = {(x,y)|x can produce y}, (2.1)

which is merely the set of feasible combinations of
x and y. The boundary of Z is sometimes referred
to as the technology or production frontier, and is
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given by the intersection of £ and the closure of its
complement, denoted #°. Various assumptions
regarding properties of the production set & are
possible; we adopt those of Shephard (1970) and
Fare (1988), although our bootstrap methodology
does not depend on these assumptions.

Now define the set ¥~ as the convex cone (with
vertex at the origin) spanned by # so that # C 7.
If 2% exhibits constant returns to scale (CRS) ev-
erywhere, then the technology #° implies a map-
ping x — y that is homogeneous of degree 1; i.e.,
(x,y) € 2° implies (ix, iy) € 2* for all A > 0, and
P =7

Alternatively, if 2° does not exhibit CRS ev-
erywhere, then 2 C #". In this case, we say that
2% (7" gives the region of #* that exhibits CRS.
The intersection 2® (7" may be as small as a
single point, but by construction cannot be the
null set. Decreasing returns to scale in the neigh-
borhood of a point (x,y) €2’ implies
(Ax,2y) & 2 for 1> 1. Similarly, increasing re-
turns to scale in the neighborhood of a point
(x,y) € #° implies (Jx,Ay) €2 for i<1. A
technology 2 that exhibits increasing, constant,
and decreasing returns to scale in different regions
is one of variable returns to scale (VRS) in the
sense of Afriat (1972). 4

The Shephard (1970) output distance function
provides a normalized measure of Euclidean dis-
tance from a point (x,y) € 2 to #° in a direction
orthogonal to x, and may be defined as

D(x,y) = inf{0 > 0|(x,0'y) € 2}. (2.2)

Clearly, D(x,y) <1 for (x,y) € 2. If D(x,y) =1,
then (x,y) € #%; i.e., that the point (x,y) lies on
the boundary of 2, and the firm is technically ef-
ficient. °

4 Grosskopf (1986) gives additional discussion of returns to
scale.

5 One can similarly define the Shephard (1970) input distance
function, measures of hyperbolic graph efficiency defined by
Fare et al. (1985), directional distance functions discussed by
Fare et al. (1997) and Fare and Grosskopf (2000), or perhaps
other measures. We present our methodology only in terms of
the output orientation to conserve space, but the methods we
propose can be adapted to the other cases by straightforward
changes in our notation.

Analogous to (2.2), define
D™ (x,y) = inf{0 > 0](x,0'y) € ¥'}. (2.3)

For (x,y) € 2, D*5(x,y) <D(x,y) <1. If D(x,y)
> D(x,y), then 2 # ¥~ and 2#” does not exhibit
CRS everywhere. If D(x,y) = D**(x,y), then the
projection of (x,y) onto 2° along the path (x, y),
2> 1, yields a point on 2° where 2? exhibits CRS
in the sense defined above. The same may not be
true for another point, however; i.e., it does not
follow that 2 = 7.

Consider the set

=2 ) |(xy) €2, (xy) e,
(Ax, y) € 2 for some A > 1}. (2.4)

Then 2 C v™ C . If 2 = ¥™° % ¥, then #*
exhibits non-increasing returns to scale (NIRS),
1.e., either constant or decreasing returns to scale.
Analogous to (2.2), distance from a point
(x,y) € 2 to the boundary of #™* in the direction
orthogonal to x is given by

Dnirs(x,y) = 1nf{0 > 0| (x, Ofly) c ”fnirs}. (25)

The distance functions defined by (2.2), (2.3)
and (2.5) may be used to construct measures of
scale efficiency along the lines of Fare and Gross-
kopf (1985), namely

s(x,y) = D™ (x,y)/D(x,y) <1 (2.6)
and
n(x,y) = D" (x,)/D(x,y) < 1. (2.7)

From the preceding discussion, if s(x,y) = 1, then
#” exhibits CRS at the point where (x,y) € 2 is
projected onto 2% in a direction orthogonal to x.
A firm operating at (x,y) is then said to be output
scale-efficient. On the other hand, if s(x,y) < 1 and
the technology exhibits increasing, constant, and
decreasing returns at different locations, then the
firm at (x,y) operates under the decreasing returns
portion of the technology if #(x,y) = 1, or under
the increasing returns portion of the technology if

n(x,y) < 1.
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3. Estimating distance functions

None of the quantities discussed in the previous
section are observed, including the scale efficiency
measures s(x,y) and n(x,y); rather, they must be
estimated from data. Given a sample &,
{(x;,»,)};_; with n observations, we can construct
an estimator 2 of 2, which also implies an esti-
mator #” of 2. Substituting 2 for 2 in (2.2)
yields a distance function estimator D(x,y) of
D(x,y). Whereas D(x,y) measures distance in the
output direction from the point (x,y) to P75,
D(x ») measures distance from the same point to
2”, in the same direction. Much of the DEA lit-
erature obscures the distinction between measures
of true efficiency such as D(x,y), and estimators
such as D(x,y) which, when computed from ob-
served data, yield estimates of the true efficiency
measures. Since the true production set is unob-
served, all we can hope for is an estimate of effi-
ciency, rather than any direct measure.

Several estimators of # are possible. The union
of the free disposal and convex hulls of ¥, pro-
vides one estimator, 2", of 2; Korostelev et al.
(1995) prove consistency and establish rates of
convergence. Alternatively, the convex polyhedral
cone (with vortex at the origin) spanned by WZ“,
denoted 77,, gives an estimator of 7. Clearly,
9“5 C “// Results in Korostelev et al. (1995) may
be extended to prove that “// is a consistent esti-
mator of 77, and therefore a consistent estimator
of 2 if =17, ie., if 2% exhibits CRS every-
where. But, if 2 is convex and 28 does not exhibit
CRS everywhere, then 2™ is a consistent esti-
mator of 2, but "I/ is not. Therefore we say that
v . 1s constrained relative to 9“5, 1e v, 1s a
more restrictive estimator of # than WV“ in the
sense that @“S will be consistent regardless of the
shape of the convex set 2, while ¥~, will be con-
sistent only if 2” exhibits constant returns to scale
everywhere, i.c., if Z = ¥”. This point is important
in establishing null hypotheses about returns to
scale which can be tested statistically.

An estimator of 7™ is provided by

?f\';i"s:{(xy)\y<Y‘r x> Xt, it<l, te R},

(3.1)

where Y =1[y,---y,], X=[x---x,), with each
x;,y;i=1,...,n denoting the (p x 1) and (g x 1)
vectors of observed inputs and outputs (respec-
tively), ¢ is a (1xn) vector of ones, and
t=[r---1,) is a (n x 1) vector of intensity vari-
ables. By construction, 97’“5 “I/ nis © 4~ Once
again, results from Korostelev et al (1995) can be
extended to prove that "// " will be a consistent
estimator of 2 if % exhlblts only constant or
decreasing returns to scale (i.e., non-increasing
returns _to scale). Similar reasoning suggests that
9“5 “// nirs and ¥, will consistently estimate 2 if
QB exhlblts CRS everywhere, although "// _may
have a higher convergence rate in this case. "// nirs
and V will fail to estimate % consistently if QB
exhibits both increasing and decreasing returns to
scale at different locations, but 2" remains con-
sistent in this case.

Estimators of the distance functions defined by
(2.2), (2.3), and (2.5) may be obtained by substi-
tuting the estimators @Z“ 2, and "V nirs for P,
¥, and 7™, Doing so yields

~ —1

o] = m < 5 55 Xe
it=1,teR}, (32

~ —1

[Dﬁm(&y)} = max{0|0y< Y 7, x > X,
TeR Y, (3.3)

and

-1
= max{0|0y<Y 1, x = X,

it<l, te R}, (3.4)

D ()]
respectively.

4. Testing hypotheses regarding returns to scale

Aside from the economic implications of whe-
ther 2% exhibits CRS, there are also statistical is-
sues relating to this question. If 2® exhibits CRS
everywhere, then both ﬁffs (x,y) andAﬁzrs(x, ») are
consistent estimators of D(x, y), but D;*(x,y) may
be less efficient in a statistical sense than DS (x, y)
due to slower convergence. On the other hand, if



L. Simar, P.W. Wilson | European Journal of Operational Research 139 (2002) 115-132 119

2* exhibits non-constant returns to scale at some
locations, then ber(x, ») will be an inconsistent
estimator of D(x,y). © Therefore, researchers need
to know whether the technology is one of constant
returns to scale before estimating technical effi-
ciency. Moreover, even if 2% is known to exhibit
non-constant returns to scale, for policy purposes
one might need to know whether a particular re-
gion of the technology displays increasing, con-
stant, or decreasing returns to scale.

A priori assuming a CRS technology without
investigating the possibility that returns to scale
are not constant incurs the risk of inconsistently
estimating technical efficiency. A number of papers
have analyzed returns to scale along the lines of
Fére and Grosskopf (1985) by computing ratios
D (x;,,)/D/"(x;,y;) <1 for each observation
i=1,....nin %, If D™(x;,y,)/D\"(x:,y;) = 1,
then the estimated technology is assumed to ex-
hibit CRS at the point (x;, y,/D™) (ie., where
(x;,y;) is projected onto #* in the output direc-
tion); otherwise, the estimated technology is as-
sumed to exhibit either increasing or decreasing
returns to scale at this point. Examples of this
approach include Byrnes et al. (1986), Grosskopf
and Valdmanis (1987), Dusansky and Wilson
(1994), and Ferrier (1994).

With this type of analysis, definitive statements
regarding the estimated technology 2% are possi-
ble, but how these translate into inferences re-
garding the true, but unknown technology #° has
been unclear, due to a lack of a formal statistical
testing procedure. In other words, if for a partic-
ular observation one finds ﬁffs(x,-, ») /ﬁ;rs
(x;,y;) <1, then without a formal testing proce-
dure, it is impossible to determine whether this is
due to non-constant returns to scale or merely due
to sampling variation. We redress this deficiency
below.

© We state this without formal proof, although results from
Kneip et al. (1998) can be extended to give a formal proof. The
result is intuitively obvious. If 22 exhibits non-constant returns
to scale at some locations, then for points (x,y) located below
the non-constant returns to scale regions of 25,
[A)jrs(x7 ») < D(x,y) even when the sample size n approaches
infinity.

From the viewpoint of statistical hypothesis
testing, the first issue is whether 2® represents a
CRS technology. If there is no evidence to the
contrary, there seems to be little reason to examine
scale efficiency. As discussed in the previous sec-
tion, the assumption of CRS embodied in the es-
timator ¥, is more restrictive than the assumption
of variable returns to scale embodied by £,". This
suggests

Test #1 :  H, : 2% is globally CRS

versus H; : 2% is VRS.

If Hy is rejected, we may wish to perform another
test with a less restrictive null hypothesis, namely

Test #2: Hj : #” is globally NIRS
versus  H, : #% is VRS.

Numerous test statistics are possible for Test
#1. First, consider an estimator of s(x,y), defined
in (2.6):

§ = D= (x,)/ DI (x, ). (4.1)

This statistic gives an estimate of the distance be-
tween the CRS and VRS estimated frontiers in the
output direction at the point where (x,y) is pro-
jected onto the estimated frontiers. Evaluating this
at each observation (x;,y;) € &, yields n estimates

s, i=1,...,n, of scale efficiency corresponding to
each observation in %,. Suppose that for each
i=1,...,n we compare 5; with the appropriate

critical value, rejecting the null hypothesis of CRS
whenever §; falls below an appropriate critical
value. Such a procedure amounts to n applications
of Test #1; if each is independent of the other
applications, then under the null Hy in Test #1, the
number of rejections of the null hypothesis Hj
over the n tests would be binomially distributed.

Applying the above test n times with nominal
size o in each case, if the »n individual tests are in-
dependent and the true size of the tests is o, then
the probability of » <n or more rejections among
the n individual tests, when Hj is true, is given by
the incomplete beta function

L(r,n—r+1) :zn: (;?>af(1 — )" (4.2)

=
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With a nominal size of 5%, we would reject Hy if
]005(?',” —r+ 1) < 0.05. 7

Alternatively, a binomial test can be con-
structed where we reject Hy if only one (or more)
of the n individual tests results in a rejection. This
approach requires that the size of each of the n
individual tests, oy, be chosen much smaller than
the global or overall size of the test, o,. Using (4.2),
we have

Prr>1)=1-Pr(r=0)=1-(1-ga). (4.3)

The null hypothesis Hy will be rejected when this
probability is less than or equal to «,. Thus, setting
Pr(r = 1) = o, yields

oy =1—(1—oay"" (4.4)

For example, if n = 20 and the overall size of the
test is set at o, = 0.05, then the size of the indi-
vidual tests should be set at o, = 0.00256.

The binomial tests illustrate the fundamental
importance of Test #1. It can only make sense to
examine scale efficiency of individual firms if the
underlying technology is one of non-constant
returns to scale along some regions. Yet, we do
not know this — we must first test the null hy-
pothesis Hy in Test #1. If H, is rejected, one
could then in principle use the statistic defined in
(4.1) to test hypotheses regarding the scale effi-
ciency of individual firms. Yet, any such tests
would necessarily be conditional on the outcome
in Test #1, which would affect how one might
interpret the results of tests for scale efficiency of
individual firms.

Other test statistics for Test #1 are also possi-
ble. An obvious candidate is the mean of ratios
D5 (x1,3,) /DY (x,,3,). e

S8 = 07> DS (x,,9,) /DY (x,3), (4.5)

i=1

71If the n individual tests are not independent, then the
binomial formula is incorrect and the binomial test is ques-
tionable. In particular, since each test involves the same
estimate of the production set, this may be a crucial issue.
The bootstrap methodology we propose in Section 5 ensures
independence among the individual tests.

which is an estimator of S =n"'Y" D™
(x1,5:)/D}(x;,3,)]. If Hy is true, then DS (x;,y,) =
Dy*(x;,y;) for alli=1,...,n, and §* = 1; other-
wise, §°° < 1. By construction, S}’ <1; the null
hypothesis H, will be rejected when S} is signifi-
cantly less than unity.

Instead of using the mean of ratios as in (4.5),
we might use a ratio of means as our test statistic
in Test #1:

S5 =" D (x;,y,) / > D) (xi,y,). (4.6)
i=1 i=1

Other possibilities include the median of ratios, the
ratio of medians, the 10% trimmed mean of ratios,
or the ratio of 10% trimmed means: ®

Sg = Med{ D5 (xi,3)/D(xiw) ) o (47)

Sgr = Med{D(xi,3) ) /Med{ Dy (xin)}

(48)

Ser = Trimu{ D (xp)/ B (rp)} . (49)
Se = Trimio{ D(xi,) |

/ Trimm{B;“(x,-, y,.)}:’:1 (4.10)

The mean of ratios in (4.5) has an intuitive
geometric interpretation. To see this, consider the
ratio D®(x;,y,)/ D) (x;,y;). At the point where
(x;,»,) is projected onto the estimated frontiers in
the output direction, this ratio gives the distance
between the estimated VRS frontier and the esti-
mated CRS frontier. If this distance is small on
average, we would not want to reject the null hy-
pothesis Hy in Test #1. The ratio of means in (4.6)
is a natural variation on this idea. The test statistics

8 Given a set of n scalars 4 = {ai,...,a,}, we define Med 4 as
the median of the elements in 4. In addition, we define Trim,o4
as the 10% trimmed mean of the elements in 4 obtained by
arranging the elements of 4 in an algebraic order, deleting 5%
of the elements from either end of the sorted array, and
computing the mean of the remaining 90% of the elements of 4.
The median and trimmed mean are more robust measures of
location than the sample mean when the underlying distribution
is skewed, as in the present case.
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defined in (4.7)—(4.10) are analogous to those de-
fined in (4.5) and (4.6), except that robust measures
of location (namely, medians and trimmed means)
are used rather than arithmetic means.

If, after employing one of the tests described
above, the null hypothesis of global constant re-
turns to scale is rejected, the researcher may wish
to perform Test #2 as discussed above. For Test
#2, test statistics 7, ST . SM analogous to
Si Sty Sg can be defined by replacing
D (x;, ;) with D"(x,,y,) in (4.1) and (4.5)-
(4.10), respectively, where 7, is an estimator of
n(x;,y;) defined in (2.7).

To employ either of these tests, we must obtain
appropriate critical values or estimate p-values. To
estimate the appropriate critical values, we extend
the bootstrap methodology developed in Simar
and Wilson (1998) as discussed in the following
section.

5. Bootstrapping the test statistics

In each of our testing problems, we have a
univariate parameter represented here by w. In
each of our tests, if the null hypothesis H is true,
then w = wy. Otherwise, if the alternative hy-
pothesis H; is true, then w < wy. In addition, in
each of our tests, we know wy = 1 when the null
hypothesis is true, but o is unknown. For each test
we also have a consistent estimator of w, @. For
example, in the case of Test #1, @ might represent

n

Sg* =0 Y D (1,3, /D (i ),

i=1

which is estimated by §fff defined in (4.5).
For each of our tests, we reject the null hy-
pothesis if @ < wy — c¢,, where for a test with size

equal to a, ¢, > 0 is such that
Pr(c?)éwo —Cy‘Ho) = o. (51)

Unfortunately, however, we do not know the dis-
tribution of our test statistic @ under H,, which
would allow us to determine the appropriate value
for c,. Efron’s (1979) bootstrap offers a solution to
this problem by replicating the DGP which yielded
the original sample %, to generate B pseudo sam-

*

ples %;,, b=1,...,B, each with n observations.
Then, the original estimation method is applied to
each of the pseudo samples to yield bootstrap es-
timates @;. This yields an observed empirical dis-
tribution for (@* — @); the idea behind the
bootstrap is to use this distribution to approximate
the unknown distribution of (& — w,) under Hy.
The crucial point is that the pseudo samples
&, must be generated such that

bn
((,/(\) - w)‘HO ~ (&\)* - (Y))‘Ho, Spn; (52>

since @ = wy = 1 under the null hypothesis, (5.2) is
equivalent to

(@ — 1)|Ho ~ (&" — @)|Ho, . (5.3)

In particular, (5.2) requires that the bootstrap
pseudo samples be generated under the null hy-
pothesis. In addition, since for each of our tests the
test statistic represented by @ is composed of dis-
tance function estimates, the pseudo samples must
be generated so that the empirical bootstrap dis-
tributions of the bootstrap distance function esti-
mates consistently estimate the sampling
distributions of the original distance function es-
timates. As demonstrated in Simar and Wilson
(1998, 1999a,b, 2000b), the naive bootstrap based
on constructing pseudo samples by resampling
from the empirical distribution of the (x,y) pairs
does not accomplish this, but a smoothing proce-
dure along the lines of Simar and Wilson (1998,
2000b) does.

Given the bootstrap values @;, b =1,...,B, we
can approximate ¢, by ¢, defined by

Pr (& <® — c|Hy, ) =1, (5.4)

which is the bootstrap analog of (5.1). The con-
ditioning on ., in (5.4) is due to the fact that the
distribution of (@* — @) in (5.2) is conditioned on
< ,. Mechanically, this involves sorting the values
(w; —w), b=1,...,B, by algebraic value, delet-
ing (1 —a) x 100 percent of the elements at the
right-hand end of this sorted array, and then set-
ting —c; equal to the right-hand endpoint of the
resulting (sorted) array. Given (5.2) and (5.3), we
obtain the bootstrap approximation

Pr(® < wy — c}|Hy, &) = o (5.5)



122 L. Simar, P.W. Wilson | European Journal of Operational Research 139 (2002) 115-132

by substituting ¢} for ¢, in (5.1). Recalling that
@y = 1 under the null hypothesis in our tests, we
reject the null if

w<l—c (5.6)

for a test of size a.

Alternatively, the testing problem can be ap-
proached in terms of p-values (e.g., see
Efron and Tibshirani, 1993, Chapters 15-16). Let
Wops be the observed value of our test statistic @
in a particular application. Then the p-value for
Ho 1s

p = Pr(& < ®ons|Ho); (5.7)

if p were known, we would reject the null hy-
pothesis Hy when p is sufficiently small, say less
than 0.05. Under Hy, (5.7) is equivalent to

P = PI‘(&\) — o < C/L\Jobs — (1)0|H()). (58)

Using the bootstrap as described above, this can
be approximated by

P =Pr(@" — & < Dops — 0o|Ho, ). (5.9)

Since conditionally on &,, @ = @y, (5.9) is
equivalent to

27\ = PI‘((,/(\)* < 2a)obs — 600|H0, yn), (510)

which can be easily evaluated from the empirical
bootstrap distribution obtained from the Monte-
Carlo simulation. Note that asymptotically, since
@ is consistent, the probability statement in (5.10)
is asymptotically equivalent to

P = Pr(®" < Bovs|Ho, 7). (5.11)

This expression is used in Efron and Tibshirani
(1993, Chapter 16). In each of our Monte-Carlo
experiments, p defined in (5.11) gives tests with
size closer to the nominal size than does (5.10);
consequently, all of our results in the next section
use (5.11) rather than (5.10). If « is the nominal
size of our test, then we reject the null hypothesis
Hy when p <.

Each of the test statistics proposed in the
previous section is a function of the distance
function estimators defined in (3.2)—(3.4). There-
fore, bootstrap estimates of the distance function

estimators are needed to bootstrap the test sta-
tistics defined above. These can be obtained us-
ing the methods in Simar and Wilson (1998,
2000b) with resampling from a smooth estimate
of the distribution of the D so that the null
hypothesis is maintained. For the test statistic
ST, B bootstrap replications yield B bootstrap

In >

estimates
Spr =n""> Do (x:,9,) /Dy (x1,37), (5.12)
i=1

b=1,...,B. Following the procedures outlined by
Eqgs. (5.1)—(5.6) or (5.7)—(5.11), we can use these
bootstrap values, together with the original esti-
mate S, to determine ¢* or p. ’

If the null hypothesis of constant returns to
scale in Test #1 is rejected, we may adapt the
above bootstrap procedure to Test #2 by resam-
pling from an estimate of the distribution of the
D" (x,,y;) to maintain the null hypothesis in Test
#2.

The binomial test suggested by (4.2) requires
independence. This can be ensured by re-ordering
the loops in the algorithms in Simar and Wilson
(1998, 2000b). Rather than looping over # firms on
each bootstrap replication, the binomial test re-
quires that we perform B bootstrap replications
for firm 1, then B bootstrap replications for firm 2,
..., and finally B bootstrap replications for firm n.
The B bootstrap estimates for each firm are then
used to determine the number r of rejections
among n trials as described previously. The bino-
mial probability in (4.2) can then be used to de-
termine if enough rejections have occurred to
reject Hy, the hypothesis of global CRS. Or, the
bootstrap values s; for each i=1,...,n can be
used to perform n individual tests of size o, de-
termined from (4.4), and then H, can be rejected if
these n tests produce one or more rejections. As
before, the binomial test can easily be extended to
Test #2.

° While we have used the statistic in (4.5) to illustrate our
bootstrap procedure, the algorithm can be extended to estimate
critical values for the test statistics given by (4.6)—(4.10) by
merely rewriting (5.12) to reflect the chosen statistic.



L. Simar, P.W. Wilson | European Journal of Operational Research 139 (2002) 115-132 123

6. Banker’s tests

Banker (1996) proposed three statistics for
testing the null hypotheses of CRS or NIRS
against the alternative hypothesis of VRS. In terms
of our notation, for the case of testing the null
hypothesis of CRS, the first of Banker’s statistics is
given by

n

pir =3 [(B7ten) -1
S[Ewa)' ]

Banker’s second statistic amounts to
R n =R 1 2
P =3[ (07 w) 1)
=1
n R . 2
/ M [(D“%x,-,y,-)) - 1} . (6.2)
i—1

lzanlfjer argued that if D(x;,y;) ~ exponential, then
Fi—Fy,0,. Alternatively, idf one assumes D(x;,
¥;) ~ half-normal, then F;*—F,,.

Banker offered no guidance on how one might
decide whether the true distance function values
are distributed exponentially or half-normally
across production units. Moreover, it is unclear
why one should be willing to assume any distri-
bution for purposes of hypothesis testing if the
distance functions have been estimated nonpara-
metrically. If the researcher were willing to make
such an assumption for purposes of testing hy-
potheses, then why not make use of the distribu-
tional assumption in the estimation process? If the
distributional assumption is correct, but not used
in the estimation process, then presumably the
resulting efficiency estimates will be statistically
inefficient relative to an estimation procedure that
makes use of the distributional information. On
the other hand, if the distributional assumption is
incorrect, then there is no reason to believe that
tests based on the statistics in (6.1) and (6.2) would
perform well in terms of size or power.

Kittelsen (1997) suggests two additional prob-
lems with Banker’s approach. The distance func-

tion estimators used in (6.1) and (6.2) are biased
in finite samples, and have very low convergence
rates in high dimensions. Thus, even if the dis-
tributional assumptions are correct, the resulting
statistics are not likely to be F-distributed in finite
samples. Moreover, the numerators are correlated
with the denominators, compounding the prob-
lem. Kittelsen presents Monte-Carlo evidence
showing that these tests perform poorly in terms
of size and power with p=¢g =1 and »n = 100,
even when the distributional assumptions are
correct.
Banker’s third statistic is given by

I?,frs = max {(ﬁm(xi,yi»l
_ (ﬁvrs(xi,yi))il |i = 1,‘..,n:|, (6.3)

which is the Kolmogorov—Smirnov test statis-
tic. Kim and Jennrich (1973) give an algo-
rithm for computing the exact sampling
distribution for this statistic when »*><10% as
well as a very good approximation for cases
where n? > 10%.

Each of the statistics defined by (6.1)-(6.3) can
be adapted to the case of Test #2, where the null
hypothesis is NIRS, by merely replacing D
(x;,y;) with D" (x;, »;). The approach suggested
by the third statistic seems more reasonable than
the first two, since no distributional assumptions
are necessary. Moreover, using K™ has a potential
advantage over those defined in Section 4, since
(possibly computationally burdensome) boot-
strapping can be avoided. Unfortunately, how-
ever, the distance function estimators in (6.3) are
not independent, as observed earlier, violating a
key assumption in deriving the sampling distribu-
tion for the Kolmogorov—Smirnov statistic. Our
Monte-Carlo experiments, as well as Kittelsen
(1997), indicate that tests based on this statistic
have a grossly incorrect size.

7. Evidence from Monte-Carlo experiments

As in any statistical testing problem based on
asymptotics, the bootstrap procedures discussed in
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Section 5 may involve errors (either type I or type
II) in finite samples due to sampling variation in
the distance function estimators as well as addi-
tional noise introduced by the resampling process
itself. '° As a result, the true sizes of the tests de-
scribed in Section 5 may differ from the nominal
value a. In order to examine the performance of
our bootstrap tests of returns to scale, we ran a
series of Monte-Carlo experiments.

For each experiment, we used B = 2000 boot-
strap replications, and performed 1000 Monte-
Carlo trials. ' In addition, we used the homoge-
neous bootstrap described in Simar and Wilson
(1998). For each Monte-Carlo trial, after gener-
ating the input and output data, we computed the
relevant test statistics. Then, we applied the boot-
strap procedures outlined in Section 5 to obtain
critical values for each test statistic at various
nominal significance levels. On each Monte-Carlo
trial, we used a standard normal kernel function
with a bandwidth that minimized mean weighted
integrated square error. '> We estimated the true
size of each test for each experiment by recording
the number of times the null hypothesis was re-
jected at each significance level over all Monte-
Carlo trials, then dividing by the number of
Monte-Carlo trials. In each of our experiments,
the number of outputs, g, was set equal to one to
simplify the data-simulation process and to reduce
the computational burden. All input data (x;) were
simulated by generating identically, independently

101y particular, kernel estimators, while consistent, are slow
to converge. Resampling from kernel estimates of the density of
distance function estimates might be a significant source of
noise in the bootstrap process.

""'In effect, our bootstrap procedures are attempting to
estimate the tails of sampling distributions. Researchers typi-
cally set B~ 100 when computing variances, and B ~ 1000
when computing confidence intervals. Since estimating the tail
of a distribution constitutes a more difficult problem, we chose
B =2000 to ensure adequate coverage. For the experiment
represented in Table 1 with n = 20, we also used 4000 and then
10,000 replications to check whether the choice of B would
influence our results for the statistics 3?{:,....@3,5. In both
instances, we obtained estimates of true size very close to those
reported in Table 1 with B = 2000.

12 Details of this are given in a technical appendix, available
from the authors on request.

distributed (i.i.d.) pseudo random uniform devi-
ates on the interval (1,9). '3

We first examined the performance of the
bootstrap in the context of Test #1. We ran 12
experiments, with one output (¢ = 1), either one or
two inputs (p € {1,2}), and n € {20,40,60}. To
simulate the output data (y;) under the null hy-
pothesis that 2% exhibits CRS everywhere, we first
generated i.i.d. pseudo random standard normal
deviates v;. Then the output for the ith simulated
firm was computed as

P
v=]]xle M, =1, (7.1)
j=1

The Monte-Carlo results for Test #1, with one
input (p = 1), appear in Table 1. Similarly, Monte-
Carlo results for Test #1 with two inputs (p = 2)
appear in Table 2.

The first binomial test performs quite poorly
in terms of its size, which is larger than the size of
any of the other tests in Tables 1 and 2 in almost
every instance. The second binomial test also
performs quite poorly, but its size is far smaller
than the nominal size in every instance, with the
true size becoming smaller (for a given nominal
size) as the sample size n increases. This seem-
ingly perverse behavior is explained by consider-
ing the expression in (4.4). With » =60 and an
overall nominal test size of 0.1, the individual
tests comprising the second binomial test proce-
dure should have size 0.00175 — apparently re-
quiring a higher degree of accuracy in estimating
the tail of the sampling distribution than is
achieved with B = 2000 bootstrap replications.
The problem is worse when the overall nominal
test size is 0.05 or less. While the second binomial
test might be more accurate if a much larger
number of bootstrap replications were used, do-
ing so would substantially increase the computa-
tional burden of the test, and make our Monte-
Carlo experiments infeasible.

3 Pseudo random uniform (0,1) deviates were generated
using the multiplicative congruential generator with modulus
(23" — 1) and multiplier 16807 (see Lewis et al., 1969). Pseudo
random normal deviates were generated via the Box—Muller
method (see Press et al., 1986, pp. 202-203).
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Table 1
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Monte-Carlo estimates of size — Test #1 (H, : CRS) one input, one output (p = 1,4 = 1)

Statistic Nominal size
0.3 0.25 0.2 0.15 0.1 0.05 0.02 0.01

n=20

§fff 0.384 0.324 0.260 0.204 0.144 0.070 0.026 0.015
§§ff 0.368 0.305 0.249 0.195 0.130 0.070 0.025 0.011
:S‘\gff 0.357 0.298 0.227 0.179 0.117 0.061 0.021 0.012
§§;" 0.562 0.504 0.441 0.363 0.279 0.176 0.090 0.062
g;ff 0.378 0.323 0.251 0.195 0.138 0.066 0.023 0.011
§§f 0.522 0.465 0.383 0.304 0.223 0.124 0.054 0.025
Binomial #1 0.504 0.492 0.458 0.361 0.291 0.203 0.101 0.045
Binomial #2 0.165 0.136 0.104 0.077 0.049 0.028 0.013 0.008
ﬁ'ff 0.690 0.551 0.415 0.252 0.127 0.043 0.008 0.004
IA‘“;;“ 0.999 0.041 0.016 0.001 0.001 0.000 0.000 0.000
IA(,‘;‘S 0.389 0.389 0.389 0.184 0.184 0.076 0.028 0.007
n=40

§ffls 0.320 0.268 0.220 0.171 0.110 0.045 0.014 0.010
§§ff 0.313 0.256 0.210 0.160 0.102 0.040 0.012 0.010
3‘\;;5 0.323 0.281 0.224 0.168 0.121 0.060 0.024 0.007
§§f 0.471 0.400 0.343 0.281 0.206 0.109 0.049 0.025
g;ff 0.325 0.276 0.223 0.168 0.110 0.054 0.012 0.006
§§f 0.477 0.416 0.340 0.264 0.191 0.106 0.035 0.014
Binomial #1 0.513 0.433 0.392 0.351 0.273 0.172 0.070 0.041
Binomial #2 0.067 0.058 0.046 0.032 0.024 0.007 0.006 0.000
1?'1‘:;5 0.597 0.404 0.271 0.138 0.053 0.011 0.002 0.001
IA‘"ZC,{“ 0.676 0.000 0.000 0.000 0.000 0.000 0.000 0.000
IA(IS'S 0.321 0.186 0.186 0.186 0.092 0.013 0.007 0.004
n =060

§§fl’ 0.294 0.237 0.192 0.141 0.098 0.049 0.020 0.005
§§:f 0.278 0.229 0.182 0.138 0.095 0.046 0.015 0.004
:S’\;f 0.312 0.267 0.213 0.162 0.106 0.051 0.025 0.010
§§f 0.411 0.359 0.300 0.253 0.184 0.095 0.038 0.022
§§ff 0.290 0.245 0.188 0.140 0.092 0.051 0.017 0.009
§§f 0.435 0.376 0.315 0.235 0.166 0.092 0.046 0.018
Binomial #1 0.466 0.453 0.404 0.346 0.276 0.181 0.083 0.052
Binomial #2 0.057 0.045 0.037 0.029 0.022 0.009 0.000 0.000
1?'1‘:;5 0.518 0.300 0.156 0.064 0.016 0.005 0.001 0.000
IA‘"ZC,{“ 0.001 0.000 0.000 0.000 0.000 0.000 0.000 0.000
IA(,‘;'S 0.166 0.088 0.088 0.053 0.027 0.011 0.003 0.002

Banker’s test (Banker, 1996) statistics defined in
(6.1) and (6.2) also perform poorly. This is to be
expected for the first two of Banker’s statistics, since
the DGPs in (7.1) used for our Monte-Carlo ex-
periments in Tables 1 and 2 do not reflect the dis-
tributional assumptions underlying these tests. '*

14 The specification in (7.1) ensures that, for p = 1, we have
D(xi,y;) =x;e 0l /x; =01l and hence logD(x;,y;) ~
half-normal.

Although FS™ results in a test with true size close to
the nominal size for nominal sizes in the range 0.1-
0.01 and for n = 20 in Table 1, its performance de-
teriorates in Table 1 as the sample size is increased.
In Table 2, the true sizes of tests based on this sta-
tistic are much too large in every instance. The
second of Banker’s statistics, F5,°, yields tests with
true size that is near zero for small nominal sizes.
But, the true size of these tests jumps suddenly to
values far in excess of the nominal size as the
nominal size is increased. This behavior again
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Table 2

L. Simar, P.W. Wilson | European Journal of Operational Research 139 (2002) 115-132

Monte-Carlo estimates of size — Test #1 (H, : CRS) two inputs, one output (p = 2,9 = 1)

Statistic Nominal size
0.3 0.25 0.2 0.15 0.1 0.05 0.02 0.01

n=20

§fff 0.689 0.639 0.561 0.477 0.379 0.243 0.133 0.083
§§ff 0.660 0.589 0.516 0.431 0.330 0.202 0.113 0.070
:S‘\gff 0.698 0.631 0.558 0.454 0.352 0.218 0.122 0.075
§§;" 0.963 0.938 0.919 0.894 0.839 0.701 0.485 0.345
g;ff 0.697 0.637 0.568 0.487 0.386 0.240 0.130 0.090
§§f 0.754 0.702 0.629 0.544 0.437 0.286 0.153 0.095
Binomial #1 0.657 0.616 0.585 0.390 0.325 0.224 0.144 0.072
Binomial #2 0.441 0.381 0.334 0.264 0.195 0.100 0.042 0.020
ﬁ'ff 0.975 0.945 0.882 0.795 0.669 0.482 0.294 0.202
IA‘“;;“ 1.000 1.000 1.000 1.000 0.517 0.004 0.000 0.000
IA(E’S 0.614 0.614 0.614 0.357 0.357 0.164 0.069 0.014
n=40

§ffls 0.580 0.513 0.447 0.375 0.287 0.174 0.094 0.045
§§ff 0.526 0.459 0.399 0.324 0.234 0.141 0.065 0.033
3‘\;;5 0.607 0.551 0.476 0.403 0.312 0.188 0.099 0.060
§§f 0.893 0.867 0.829 0.785 0.702 0.546 0.411 0.318
g;ff 0.603 0.539 0.478 0.404 0.309 0.179 0.090 0.060
§§f 0.705 0.651 0.590 0.495 0.399 0.269 0.153 0.086
Binomial #1 0.732 0.614 0.580 0.549 0.490 0.367 0.193 0.154
Binomial #2 0.334 0.281 0.225 0.194 0.134 0.076 0.042 0.000
1?'1‘:;5 0.995 0.985 0.948 0.877 0.721 0.463 0.207 0.123
IA‘"ZC,{“ 1.000 1.000 1.000 1.000 0.761 0.001 0.001 0.001
IA(;” 0.873 0.747 0.747 0.573 0.573 0.224 0.132 0.065
n =060

§§fl’ 0.593 0.484 0417 0.329 0.235 0.154 0.076 0.040
§§:f 0.509 0.427 0.349 0.291 0.193 0.115 0.060 0.036
:S’\;f 0.640 0.564 0.487 0.386 0.284 0.174 0.088 0.072
§§f 0.861 0.841 0.800 0.749 0.632 0.479 0.313 0.244
§§ff 0.625 0.552 0.459 0.365 0.261 0.143 0.099 0.060
§§f 0.788 0.729 0.647 0.566 0.438 0.265 0.142 0.087
Binomial #1 0.697 0.682 0.572 0.584 0.425 0.293 0.169 0.091
Binomial #2 0.180 0.180 0.157 0.123 0.078 0.033 0.000 0.000
1?'1‘:;5 1.000 0.998 0.970 0.895 0.709 0.387 0.157 0.070
IA‘"ZC,{“ 1.000 1.000 0.998 0.987 0.000 0.000 0.000 0.000
IA(,‘;'S 0.902 0.784 0.784 0.644 0.500 0.351 0.142 0.888

merely reflects the misspecification of the distribu-
tional assumptions underlying these tests. While
our Monte Carlo experiments are designed in such a
way that it ensures that tests based on F&'™> and FS™
will have incorrect size, we would expect similar
results in real applications since there is no con-
vincing reason why distance function values should
be distributed either exponentially or half-nor-
mally. The Kolmogorov—Smirnov statistic in (6.3)
suggested by Banker avoids the distributional as-
sumptions underlying the other tests suggested by

Banker, but this test also performs poorly in our
Monte-Carlo experiments, yielding tests with true
size that is either much too large or too small rela-
tive to nominal size. R

Of the remaining statistics, S5, consistently
performs best in terms of size. In Table 1 with one
input and one output, the true size is quite close to
the nominal size with only 40 observations. In
Table 2 where we consider two inputs, the true size
is larger, but not as large as the other tests.
Moreover, as sample size increases, we see that the
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size of tests based on SS° decreases toward the
nominal size more rapidly than for other tests we
consider. The increased size in Table 2, relative to
Table 1, merely reflect the curse of dimensionality
inherent in non-parametric estimators of technical
efficiency; with more than 60 observations, we
would expect the size of our bootstrap tests to
improve, but it is computationally infeasible to
demonstrate this in Monte-Carlo experiments.

Among the statistics Sfff, . ngf, SCrs performs
most poorly in both Tables 1 dnd 2, dlthough its
performance improves with sample size. The next-
poorest performance in Tables 1 and 2 is by Scrs.
There are no compelling differences in the perfor-
mance of S‘fff, 8¢, and SCrS in Tables 1 and 2, but
these are dominated in almost every instance by
the performance of S3..

In evaluating the performance of our test sta-
tistics and bootstrap procedure for Test #2, we
must simulate the data under the null hypothesis
of NIRS. We simulate the input data as before.
For the case of one input, we compute the output
for the ith simulated firm as

X g =01l iff x; <55 (7.2)
Vi = (2+1x)e !l otherwise. '

For the case of two inputs, we compute the output
for the ith simulated firm as

\/)? X efo.l\v,ﬂ
if X + xlz 1 1

{yBan(z+1)’
" e @)oo
franzen) ) oo

otherwise.
(7.3)

/4

This ensures continuity in the simulated technol-
ogy. We ran 12 experiments, analogous to those
for Test #1. Results for the case of one input are
shown in Table 3, while results for the case of two
inputs are shown in Table 4.

The results in Tables 3 and 4 are qualitatively
similar to those in Tables 1 and 2. The binomial

tests perform poorly in every case, as do Banker’s
tests. The binomial tests and Banker’s exponential
and half-normal tests do not improve with sample
size; the Kolmogorov—Smirnov test improves only
very slightly with sample size. Among the re-
maining statistics, S has estimated true size
closer to nominal size than the other statistics in
almost every case. Surprisingly, in view of the
previous results, Snlrs does not stand out as having
exceptionally bad performance in Table 3, but S;‘,‘,rs
does. Note that in Table 4, as the sample size in-
creases from n = 20 to n = 60, the estimated sizes
diverge from the nominal sizes for the first six test
statistics in many cases. Statistical consistency
does not necessarily imply any type of monotonic
convergence; the phenomena in Table 4 merely
reflects the curse of dimensionality. Apparently,
for the test of the null hypothesis of NIRS, with
p+q =3, even n =60 is a very small sample size.

There is, of course, a trade-off between size and
power in hypothesis testing. Therefore, we also
examined the power of tests based on the statistics
Sty ..., 8¢, which performed best in our Monte-
Carlo experiments in terms of size. Since it is typi-
cally impossible to analytically derive power func-
tions when either the null or alternative hypotheses
are composite, examining the power of our tests
requires additional Monte-Carlo experiments.
Since these experiments are computationally bur-
densome, we focus only on Test #1 for the case of
one input and one output, and sample size n = 20.

To examine the power function for our test, data
must be generated such that the null hypothesis of
CRS s false. Let ¢ € (5, n]. We simulated inputs x;
by generating i.i.d. pseudo random uniform devi-
ates on the interval (—5[1 —tan (3 —%)]/tan(3 —
2),9). Output data (y;) were simulated by first
generating i.i.d. pseudo random standard normal
deviates v; as before, and then setting

{5[1 — tan(3x — £)] + tan(Z — £)x; fe 01l
o if x <5,
= {5[1- tan(— — 5] + tan(% —
otherwise

xi}efo.l\vﬂ

(7.4)

for i=1,...,n. For ¢ =mn, (7.4) reduces to
yi = x;e %1l where the technology exhibits CRS
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Table 3
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Monte-Carlo estimates of size — Test #2 (H, : NIRS) one input, one output (p = 1,4 = 1)

Statistic Nominal size
0.3 0.25 0.2 0.15 0.1 0.05 0.02 0.01

n=20

§{',il'5 0.481 0.436 0.393 0.330 0.264 0.164 0.078 0.050
§§f,rs 0.475 0.429 0.384 0.323 0.258 0.154 0.076 0.049
s 0.990 0.976 0.943 0.879 0.741 0.506 0.261 0.136
§f“,‘fs 0.622 0.539 0.454 0.380 0.285 0.174 0.077 0.045
gg‘,il“ 0.561 0.505 0.445 0.374 0.294 0.190 0.100 0.059
3(’)‘;“ 0.516 0.470 0.424 0.371 0.301 0.195 0.100 0.056
Binomial #1 0.995 0.991 0.982 0.778 0.393 0.288 0.233 0.127
Binomial #2 0.704 0.665 0.598 0.525 0.391 0.186 0.078 0.040
ﬁ'&i“ 0.221 0.142 0.083 0.040 0.012 0.000 0.000 0.000
1?2";“ 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000
IA(,‘;‘i"S 0.006 0.000 0.000 0.000 0.000 0.000 0.000 0.000
n=40

§{',il'5 0.457 0.404 0.336 0.270 0.204 0.116 0.053 0.031
§§f,rs 0.448 0.391 0.320 0.253 0.188 0.112 0.049 0.030
:S‘\gil"s 0.997 0.985 0.958 0.916 0.836 0.641 0.421 0.290
§2,‘;“ 0.549 0.465 0.384 0.311 0.219 0.142 0.070 0.036
§§‘,il“ 0.537 0.488 0.427 0.374 0.282 0.173 0.076 0.044
3(’)‘;“ 0.542 0.493 0.432 0.358 0.279 0.164 0.086 0.048
Binomial #1 1.000 1.000 1.000 0.969 0.572 0.477 0.375 0.348
Binomial #2 0.801 0.764 0.700 0.597 0.395 0.150 0.084 0.000
1?'1‘”2“5 0.142 0.071 0.027 0.005 0.001 0.000 0.000 0.000
IA‘"Z‘}:‘S 0.001 0.000 0.000 0.000 0.000 0.000 0.000 0.000
IA(,‘;irS 0.006 0.000 0.000 0.000 0.000 0.000 0.000 0.000
n =060

gpis 0.403 0.348 0.285 0.236 0.185 0.108 0.057 0.033
§§:,“ 0.389 0.331 0.271 0.230 0.175 0.099 0.051 0.031
:S’\‘;:l” 0.994 0.990 0.975 0.950 0.886 0.723 0.481 0.344
§2,‘;rs 0.466 0.395 0.346 0.277 0.198 0.119 0.054 0.026
§‘5‘,il“ 0.472 0.424 0.373 0.307 0.236 0.144 0.075 0.040
§§;rs 0.510 0.448 0.394 0.325 0.254 0.155 0.090 0.048
Binomial #1 1.000 1.000 1.000 0.987 0.557 0.491 0.446 0.409
Binomial #2 0.844 0.792 0.697 0.556 0.344 0.107 0.000 0.000
1?'1‘”2“5 0.091 0.035 0.013 0.002 0.000 0.000 0.000 0.000
IA‘"Z‘}:‘S 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000
IA(,‘}"S 0.001 0.001 0.001 0.000 0.000 0.000 0.000 0.000

everywhere. For ¢ < =, the technology has a kink
at the point (5,5) in (x, y)-space, so that the tech-
nology and a ray from the origin tangent to the
technology form angles of *5? radians on either
side of the point (5,5). The technology itself forms
a right angle at (5,5) when ¢ = 7. By varying the
value of ¢ in our Monte-Carlo experiments, we
can control the degree of departure from the null
hypothesis of CRS.

Using the DGP represented by (7.4), we per-
formed Monte-Carlo experiments with ¢ € {n — x

2|k =0.01,0.02,...,0.09,0.1,0.2,0.3,0.4} to esti-
mate the power function #(¢) for each statistic
S, ..., 8¢y, Each experiment consisted of
M = 1000 Monte-Carlo trials, with B = 2000
bootstrap replications on each of these trials. For
nominal size equal to 0.05, n =20, and p=¢g =1,
this yielded the results shown in Fig. 1. These re-
sults indicate that tests based on S5, have good
power even for small departures from the null
hypothesis of CRS. For instance, with k = 0.01,
2(p) = 0.619; for k = 0.02, (@) = 0.866, and for
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Monte-Carlo estimates of size — Test #2 (H, : NIRS) one input, one output (p = 2,4 = 1)

Statistic Nominal size
0.3 0.25 0.2 0.15 0.1 0.05 0.02 0.01

n=20

§{',il'5 0.755 0.698 0.642 0.577 0.495 0.366 0.246 0.172
§§f,rs 0.740 0.682 0.625 0.553 0.460 0.336 0.222 0.151
s 0.919 0.843 0.721 0.559 0.397 0.256 0.183 0.127
§f“,‘fs 0.859 0.833 0.798 0.765 0.715 0.597 0.444 0.329
gg‘,il“ 0.812 0.766 0.697 0.621 0.557 0.416 0.260 0.173
3(’)‘;“ 0.792 0.748 0.696 0.615 0.530 0.402 0.262 0.187
Binomial #1 0.907 0.752 0.367 0.088 0.044 0.009 0.007 0.000
Binomial #2 0.156 0.123 0.097 0.067 0.033 0.018 0.009 0.003
ﬁ'&i“ 0.731 0.623 0.527 0411 0.294 0.160 0.082 0.053
1?2";“ 1.000 0.999 0.417 0.024 0.001 0.000 0.000 0.000
IA(,‘;‘i"S 0.081 0.081 0.081 0.016 0.016 0.004 0.002 0.000
n=40

§{',il'5 0.847 0.806 0.755 0.689 0.580 0.426 0.298 0.211
§§f,rs 0.820 0.776 0.722 0.635 0.533 0.389 0.255 0.168
:S‘\gil"s 0.984 0.959 0.910 0.808 0.669 0.547 0.466 0.380
§2,‘;“ 0.902 0.875 0.852 0.779 0.689 0.538 0.376 0.268
§§‘,il“ 0.911 0.887 0.854 0.800 0.709 0.562 0.391 0.292
3(’)‘;“ 0.893 0.865 0.838 0.773 0.695 0.546 0.374 0.281
Binomial #1 1.000 0.946 0.385 0.238 0.245 0.065 0.012 0.003
Binomial #2 0.158 0.102 0.075 0.051 0.023 0.012 0.006 0.000
1?'1‘”2“5 0.830 0.715 0.582 0.409 0.256 0.093 0.021 0.008
IA‘"Z‘}:‘S 1.000 0.996 0.001 0.001 0.001 0.000 0.000 0.000
IA(,‘;irS 0.180 0.076 0.076 0.035 0.035 0.003 0.000 0.000
n =060

§?,il” 0.840 0.818 0.773 0.729 0.674 0.542 0.353 0.287
§§:,“ 0.818 0.784 0.740 0.707 0.619 0.443 0.342 0.199
:S’\‘;:l” 0.994 0.994 0.960 0.872 0.784 0.707 0.674 0.619
§2,‘;rs 0.895 0.862 0.796 0.752 0.653 0.553 0.344 0.278
§‘5‘,il“ 0.961 0.950 0.939 0.873 0.807 0.686 0.498 0.443
§§;rs 0.950 0.939 0.884 0.818 0.774 0.663 0.520 0.397
Binomial #1 1.000 1.000 0.551 0.276 0.234 0.147 0.008 0.000
Binomial #2 0.098 0.089 0.035 0.017 0.009 0.009 0.000 0.000
1?'1‘”2“5 0.902 0.775 0.617 0.437 0.238 0.076 0.016 0.003
IA‘"Z‘}:‘S 1.000 0.978 0.616 0.000 0.000 0.000 0.000 0.000
IA(,‘}"S 0.263 0.144 0.144 0.073 0.032 0.014 0.002 0.000

x = 0.03, we find #(¢) = 0.913. By contrast, for
tests based on S5, the power is much lower as
indicated by Fig. 1. Tests based on S;° also have
low power.

8. Conclusions
As with most Monte-Carlo studies, the scope of

our experiments is rather limited in terms of the
number of cases considered due to the computa-

tional burden. Each experiment requires solution
of 2xMxnx(B+1)] LPs, where M is the
number of Monte-Carlo trials, with the time re-
quired for each LP increasing with the number of
observations and the dimensionality of the input/
output space. Nonetheless, our results provide
some insight into the likely performance of non-
parametric tests regarding returns to scale in
small-sample applications.

In most instances, we find that the true sizes of
our tests are reasonably close to the nominal sizes,



130

L. Simar, P.W. Wilson | European Journal of Operational Research 139 (2002) 115-132

Jers Qers
1 e 1n — 2n
/
P(o)| P(o)|
07 v /5 T 0 /5
e ¢
_»/// 1‘
Plp)| / P(p) |
i 0 /5 Ve 0 /5
p— S5 T o
/
! |
Po)|| P(e)|
0% o /5 0% o /5

Fig. 1. Power functions (¢ = 0.05,n =20,p =g =1).

or that the difference is comparable to corre-
sponding differences that have been reported for
other statistics used by econometricians in testing,
for example, hypotheses regarding unit roots in
time series data. Indeed, since there seem to be no
other formal statistical tests of regarding returns to
scale in the context of DEA models at this time,
our tests seem to offer the best alternative. In our
experiments, we find that the true sizes of our tests
typically exceed the nominal sizes, which would

tend to cause excessive type-I errors in small
samples.

Whether this is a great problem may depend on
the purpose of the tests; if the purpose is to decide
which estimator of the production set to use in
estimating distance functions, then our results in-
dicate that the choice will be too often in favor of
estimators that do not assume constant returns to
scale. This means that distance function estimates
may be less statistically efficient than they could be
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when the true technology is CRS. But, if the true
technology is not CRS everywhere and the CRS
estimator of the production set is used, distance
function estimates will be statistically inconsistent.
So, for this purpose, type-1 errors may be less se-
rious than type-II errors, since statistical inconsis-
tency is a worse problem than statistical
inefficiency. If, on the other hand, the researcher is
trying to infer returns to scale along the technology
to answer economic policy questions, then armed
with the information provided by this study, care-
ful researchers should perhaps choose a smaller
nominal size than they otherwise would, particu-
larly as the dimensionality of the input/output
space increases for a given number of observations.
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